THE MATHEMATICAL ASSOCIATION OF AMERICA 


The following sixty-one persons and three institutions, on application duly 
certified, have been elected to membership in the Association. Of these fifteen 
are a result of the joint campaign of the Society and the Association, and 
fourteen from the recent work of the Association’s own Committee on Mem- 
bership. 


J. P. Atsert, A.B. (Miami). Instr., Miami Univ., Oxford, Ohio. 

G. P. Atpricx, M. S. (Iowa). Instr., Univ. of Iowa, Iowa City, Iowa. 

SisTER ALICE IRENE, A.M. (Columbia Coll.). Instr., Columbia College of St. Catherine, St. Paul, Minn. 

H. T. 2. AupE, M.S. (Colgate). Asso. Prof., Colgate Univ., Hamilton, N. Y. 

Leon Barttic, A.B. (Wisconsin). Jr. and Sr. High Schools, Janesville, Wis. 

B. R. BEIsEL, B.S. (Allegheny). Instr., Cornel] Univ., Ithaca, N. Y. 

C. O. Bemis, A.B. In Educ. (Minnesota). Teachers Coll., St. Cloud, Minn. 

A. D. ButrerFIeELpD, M.S. (Worcester Polyt.); A.M. (Columbia). Prof., Math. and Geodesy, Univ. of 
Vermont, Burlington, Vt. 

A. G. CLarxk, A.M. (Colorado). Asst. Prof., Colorado Agric. College, Ft. Collins, Colo. 

J. R. Crark, Ph.D. (Columbia). Lincoln School of Teachers Coll., New York, N. Y. 

J. L. Crayton, B.S. (Georgetown). Instr., Georgetown Coll., Georgetown, Ky. 

C. B. Danssy, A.B. (Morehouse). Instr., Morehouse Coll., Atlanta, Ga. 

C. H. Dennison, (Mass. Inst. Tech.). Amer. Rubber Co., Cambridge, Mass. 

H. G. Dresser, B.S. (Tufts). Instr., Rutgers Univ., New Brunswick, N. J. 

P. D. Epwarps, A.M. (Indiana). Technical H. S., Indianapolis, Ind. 
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. Evans, A.B. (Baker). Instr., Baker Univ., Baldwin, Kans. 
ORNELIUS Evers, A.B. (Hope Coll.). Instr., Michigan Agric. Coll., East Lansing, Mich. 
F. Garygs, M.S. (Cornell). Asst. Prof., Univ. of Florida, Gainesville, Fla. 

H. L. Hatt, A.B. (Indiana). Head of Dept., N. W. State Teachers Coll., Alva, Okla. 

G. L. Horrett, M.S. (Millsaps). Prof., Millsaps Coll., Jackson, Miss. 

F. S, Hervaman, A.B. (Lebanon Valley). Dean, St. Normal Sch., Edinboro, Pa. 

Depora M. Hickey, Student, Rice Inst., Houston, Tex. 

W. A. Jenkins, A. M.(Michigan). Instr., Univ. of Mich., Ann Arbor, Mich. 

Jessie M. Jerome, A.M. (Hiram). Prof., Hiram College, Hiram, Ohio. 

D. C. Jones, A.B. (Emory). A & M Coll., College Station, Tex. 

Wiiu1am Jorpan, A.B. (Oakland City Coll.; DePauw). Head of Dept., Oakland City Coll., Oakland 
City, Ind. 

Mary N. Kerru, A.B. (Wellesley). Asst. Prof., Univ. of Redlands, Redlands, Calif. 

Nora A. Kierrer, A.M. (Columbia). Instr., Cumberland Valley State Normal School., Shippensburg, 
Pa. 

M. S. KNEBELMAN, M.S. (Lehigh). Asst. Prof., Lehigh Univ., Bethlehem, Pa. 

E. E. Knicut, A.M. (Illinois). Instr., State Normal Sch., Milwaukee, Wis. 

C. H. Lapy, A.B. (Columbia). State Normal Sch., Slippery Rock, Pa. 

W. M. Maen, A.M. (Virginia). Head of Dept., Gulf Coast Milit. Acad., Gulfport, Miss. 

Laura F. McDonoven, A.B. (Penna.). Head of Dept., Moravian Coll., Bethlehem, Pa. 

W. B. Marquarp, M.E. (Ohio State). Asso. Prof., Lafayette Coll., Easton, Pa. 

E. D. Meacuam, Ph.D. (Chicago). Prof., Univ. of Okla., Norman, Okla. 

C. W. Miter, B.S. (Bucknell). Instr., Newburgh Acad., Newburgh, N. Y. 

L. W. Moenca, A.B. (Macalester). Instr., Macalester Coll., St. Paul, Minn. 

Apicatt I. Moore, A.M. (Columbia). Teacher, Barnard School for Girls, New York, N. Y. 


58 MEETING OF THE SOUTHERN CALIFORNIA SECTION [Feb., 


Nancy L. Moorertetp, A.M. (Columbia). Head of Department, Athens Coll., Athens, Ala. 
W. A. NEwLIn, M.S. (California). H. S. and Jr. Coll., Pasadena, Calif. 
G. A. O’DonnELL, A.M. (Woodstock). Professor, Georgetown Univ., Washington, D. C. 
E. B. Penrop, M.S. (Purdue); M.M.E. (Cornell). Prof., Hillsdale College, Hillsdale, Mich. 
W. L. Porter, A. B.(Howard Coll.). Asso. Prof., A. & M. Coll., College Station, Tex. 
T. E. Rarrorp, A.M. (Michigan). Instr., Univ. of Mich., Ann Arbor, Mich. 
B. P. Remscu, Ph.D. (Illinois). Instr., Univ. of Ill., Urbana, Ill. 
Frep RevusseEr, M.S. (Iowa). Head of Dept., Buena Vista Coll., Storm Lake, Ia. 
A. W. RicHEson, A.M. (Johns Hopkins). Teacher, Univ. of Maryland, Baltimore, Md. 
C. F. Roos, A.M. (Rice Inst.). Fellow, Rice Inst., Houston, Tex. 
H. M. RutHERFoRD, Student, Rice Inst., Houston, Tex. 
Farru SAuNDERS, A.M. (Missouri). Logan Coll., Russellville, Ky. 
V. Z. Suippy, B.S. (Penna.). Central H. S., Philadelphia, Pa. 
NATHANIEL Smy tz, A.M. (S.W.P. Univ.). Head of Dept., Belhaven College, Jackson, Miss. 
C. M. Sparrow, Ph.D. (Johns Hopkins). Prof., Univ. of Virginia, University, Va. 
ELizABETH T. STAFFORD, M.S. (Brown). Instr., Univ. of Texas, Austin, Tex. 
Ep1tH STEININGER, A.M. (Kansas). Head of Dept., Clay Co. Community H. S., Clay Center, Kans, 
W. P. Stevens, A.M. (Baylor Univ.). Instr., A. & M. College, College Station, Texas. 
P. W. Stoner, M.S. (California). High School, Pasadena, Calif. 
S. P. WaLKER, A.M. (Miss.; Chicago). Prof., Miss. State Coll. for Women, Columbus, Miss. 
A. S. WIENER, Student, Cornell Univ., Ithaca, N. Y. 
G. A. Witttams, A.B. (Illinois). Instr., Oregon Agric. Coll., Corvallis, Ore. 
N. R. Wutson, Ph.D. (Chicago). Prof., Univ. of Manitoba, Winnipeg, Man. 
THE PrincipiA, St. Louis, Mo. 
UNIVERSITY OF OREGON, Eugene, Ore. 
Missouri SCHOOL OF M.NES AND METALLURGY, Rolla, Mo. 
‘ W. D. Catrns, Secretary-Treasurer. 
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MEETING OF THE SOUTHERN CALIFORNIA SECTION 


The second regular meeting of the Southern California Section of the 
Mathematical Association of America was held at the University of Southern 
California, in Los Angeles, on Saturday, November 7, 1925, Professor Harry 
Bateman presiding. 

There were forty-five present, including the following thirty-one members 
of the Association: O. W. Albert, H. Bateman, W. N. Birchby, J. R. Campbell, 
Mrs. T. Clark, M. Collier, M. E. Conn, P. H. Daus, I. B. Ernsberger, H. E. 
Glazier, F. C. Hall, E. R. Hedrick, H. C. Hicks, G. H. Hunt, G. James, M. N. 
Keith, G. R. Livingston, D. Lodwick, W. E. Mason, W. A. Newlin, B. Podolsky, 
L. E. Reynolds, W. P. Russell, D. V. Steed, F. C. Touton, H. C. Van Buskirk, 
L. E. Wear, M. G. Whiting, H. C. Willett, Clyde Wolfe, E. R. Worthington. 

The following papers were presented. Short abstracts appear below. 

1. “An integration method of summing series,” by Professor GLENN 
James, University of California, Southern Branch. 

2. “Note on the solution of a functional equation,” by Professor H. C. 
WILLETT, University of Southern California. 
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3. “An improved harmonic analyzer,” by Mr. Boris Popotsky, University 
of Southern California. 

4. “A general theorem relating to a sphere touching the faces of a tetra- 
hedron,” by Professor HARRY BATEMAN, California Institute of Technology. 

5. “Note on a series for 7 derived from the harmonic series,” by Professor 
W. N. Bircusy, California Institute of Technology. 

6. “Modern methods in machine mathematics,” by Professor CLyDE WOLFE, 
California Institute of Technology. 

1. Professor James described an integration method of summing series 
with a finite number of terms and illustrated the method by summing the 
geometrical progression. 

2. Professor Willett gave a solution of the functional equation ¢(x+y) 
+¢(x—y) =2¢(x) - o(y). When this equation was encountered in a course in 
non-Euclidean geometry, he found it desirable to present a solution which was 
not long nor too difficult to understand. By assuming that ¢ could be expanded 
into a Taylor series, the solution was readily obtained. 

3. The instrument described in this paper was designed by the author 
for the use of the bureau of power and light of the city of Los Angeles. Its 
distinguishing feature was its adaptabi'ity for the analysis of curves with so- 
called hidden periodicities. r 

4. If a circle rolls along a line, then the intersection ef the tangents drawn 
from two fixed points on the line to the circle, describes a cubic curve. Pro- 
fessor Bateman discussed the extension of this problem toa sphere rolling on a 
plane, and in particular to the case when the point of contact of the sphere and 
the plane lies on the circumcircle of the three fixed points. 

5. Professor Birchby discussed various series formed from the harmonic 
series by making the signs + or — according toa certain law. The arrangement 
of signs corresponded to the taking off and putting on of rings in the well 
known Chinese ring puzzle. 

6. Professor Wolfe discussed the use of the calculating machine and sug- 
gested improvements that were desirable for certain types of calculations. 

P. H. Daus, Secretary-Treasurer. 


THE SPRING MEETING OF THE KENTUCKY SECTION 


The spring meeting of the Kentucky Section was held at the University 
of Kentucky in the Civil Engineering and Physics Building, on Saturday, 
May 2, 1925. Those who attended the meeting were entertained at luncheon 
in the University Cafeteria. Professor J. M. Davis, the chairman of the section, 
presided at both sessions. During the course of his welcoming address, he 
gave the same admonition that he gave to the section as its chairman fourteen 
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years ago, namely, not to give all of our time to presenting truths which we have 
discovered, but rather to present mathematical truths so that people are 
inspired to think clearly for themselves. 

There were thirty-five persons in attendance, of whom the following are 
members of the Association: Thurman Andrew, P. P. Boyd, J. L. Clayton, 
Mary E. Clarke, C. G. Crooks, J. M. Davis, H. H. Downing, A. R. Fehn, 
W. R. Hutcherson, Katherine Kienzle, Elizabeth Le Stourgeon, C. A. Maney, 
T. A. Martin, R. I. Pepper, E. L. Rees, C. H. Richardson, F. A. Scott. 

The program follows, accompanied by abstracts of the papers: 

(1) “l’Hospital’s solutions of equations by means of algebraic curves,” 
by Professor P. P. Boyp, University of Kentucky. 

(2) “Probabilities as applied to life insurance,” by Professor T. A. MARTIN, 
Berea College. 

(3) “The distribution of means, a problem in sampling,” by Professor C. H. 
RICHARDSON, Georgetown College. 

(4) “Order of signs in a series,” by Professor H. H. Downine, University 
of Kentucky. 

(5) “How much mathematics should be given in the high school,” by 
Professor C. E. CALDWELL, Eastern Kentucky Teachers College, (by invita- 
tion). 

(6) “The freshman course in mathematical analysis,” by Professor C. A. 
MANEY, Transylvania College. 

1. Dean Boyd reviewed the work of Marquis de |’Hospital, and especially 
the posthumous book of 1707 on Conic Sections. Various examples were given 
from this work, showing |’Hospital’s methods for solving higher degree equa- 
tions, and giving also some of his solutions of “determinate problems” by 
means of these geometric solutions of equations. 

2. Two essential elements in life insurance are general average and 
probability. These elements are essential in order to build on a sound business 
basis. The difference between insurance built on actuarial science and “fraternal 
insurance” is that fraternal insurance has ignored to a large degree the principles 
of probability and general average that are so essential to sound business. 
There is a large number of different kinds of policies suitable to different classes 
of people. Life insurance, well founded, is a necessity to the welfare of society, 
a great blessing to mankind. 

3. In his paper, Mr. Richardson derived the relationships that exist be- 
tween the first four moments of the distribution of means and corresponding 
moments of the parent distribution, both for the case when the parent popula- 
tion is finite as well as infinite. 

4. The speaker referred to the usual way of caring for the singly alternating 
plus and minus terms in a series by the use of (—1)""' as a factor in the coeffi- 
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cient of the mth or general term. If the series involves terins alternating doubly, 
or triply, or etc., plus and minus the coefficient of the mth term may be properly 
cared for by the use of —1 with an exponent [(m—1)/r], where nm is the number 
of the term of the series, ry is the number of terms in the sequence of positives 
or negatives, and [(m—1)/r] is the largest integer in (n—1)/r. 

6. Fifty-one questionnaire letters were sent out to a number of institutions 
on the approved list of the American Association of Universities where it ap- 
peared (from catalog statements) that such a course was being taught. Thirty- 
three replies were received. In twenty-eight colleges and universities this 
course was the basic introductory course in the department. This course is 
one in which the fundamental viewpoints of the calculus are introduced in the 
freshman year. Topics in algebra, trigonometry, analytic geometry, and the 
calculus are included and treated in a unified manner generally in connection 
with typical problems of exact science. The evolution of this course is thought 
of in connection with the tendency in the modern junior college program to 
revise all courses so as to contribute to the general aim of a comprehension of 
modern civilization. Unified mathematics, both as a tool for all exact science 
and as a preparation for advanced mathematics is considered deserving of a 
place as a required subject in the Junior College program. Where the course 
has been thoroughly tried out it has proved to be a success, and in many of 
the best colleges and universities of the country it occupies a permanent position 
in the curriculum. 

At the close of the business session Professor T. A. MARTIN, Berea College, 
was elected chairman and Professor A. R. FEHN, Centre College, secretary- 
treasurer for the coming year. 

A. R. FEHN, Secretary-Treasurer. 


ROBERT ADRAIN, AND THE BEGINNINGS OF 
AMERICAN MATHEMATICS! 


By JULIAN L. COOLIDGE, Harvard University 


Robert Adrain was born in Carrickfergus, Ireland, on September 30, 1775.* 
He seems to have been of Huguenot ancestry, on his father’s side at least, 
or such is the testimony of his grandson Elbert Adrain Brinkerhoff.* His 
anonymous biographer,’ whose account has been accepted by almost all who 


1 Retiring presidential address delivered at Kansas City, Dec. 30, 1925. 

* By a very curious coincidence I inadvertently began the preparation of the present address on 
the hundred fiftieth anniversary of Adrain’s birth. 

* Biographical sketch of Robert Adrain, L.L.D. E.A. Brinkerhoff. Mathematical Magazine, vol. II 
No. 4, 1891, pp. 56-58. 

* Robert Adrain L.L.D. United States Magazine and Democratic Review, vol. XIV,June 1844, pp. 646 
to 652. It is said to have been written by the son Garnett Bowditch Adrain. 
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have followed, goes further and says that Robert’s father, who died in 1790, 
left France after the revocation of the Edict of Nantes. If he left France, 
it probably was after this regrettable event which took place in 1685! In any 
case this gentleman appreciated Robert’s talents and gave him the best avail- 
able education, so that when the boy was thrown on his own resources at the 
ripe age of fifteen, he was able to support himself by opening a school. More- 
over his school was a success, for presently we find him employed as private 
tutor in the house of an officer of the crown named Mortimer. The connection 

- terminated suddenly with the Irish uprising of 1798 when Mortimer took up 
arms for his king, while Adrain was an officer in the insurgent forces, with a 
price on his head. This awkward situation was terminated by Mortimer’s 
death in battle. Adrain was so severely wounded by a shot in the back, fired 
by one of his own men, that he was left on the field for dead, and the report of 
his death was generally believed. Kind friends nursed him back to health and 
he managed with great difficulty to escape to the United States with his wife 
and infant daughter. The cholera was raging in New York, but he found ready 
asylum in Princeton in the house of Mrs. Theobald Tone, widow of his com- 
manding officer in Ireland.! 

Adrain had been a teacher in Ireland, a teacher he became in America, 
serving as master in the academy at Princeton. Report has it that he taught 
well, and was not a stranger to the use of the rod.? After two or three years 
he moved to York, Pa., to take the principalship of the local academy, and in 
1805 he became principal of the academy at Reading, Pa. The mathematical 
work which he published while holding this last position attracted favorable 
notice, and in 1809 he was called to the professorship of mathematics in 
Rutgers, then Queen’s College, New Brunswick, N. J. The college gave him 
the honorary degree of Master of Arts in 1810 and probably expected that he 
would serve them indefinitely, but this was not to be, for in 1813 he accepted 
the call to a professorship in Columbia University, New York City. I am 
unable to say what was the title of his chair. According to the Columbia 
general catalogue he was professor of mathematics and natural history till 
1820, when he became professor of mathematics and astronomy. But he signs 
some of his published writings with the title of professor of mathematics and 
natural philosophy and this more plausible designation is used by all his 
biographers. Columbia granted him an L.L.D. in 1818. In 1812 he was elected 
a Fellow of the American Philosophical Society, Philadelphia, and a year later 
of the American Academy of Arts and Sciences, Boston. He certainly could not 
complain of lack of appreciation for his scientific work at this period. Whether 
he obtained equal success as a teacher is open to question; Dr. Benjamin 


1 Hageman, Princeton and Its Institutions, vol. I, Philadelphia, 1879, p. 197. 
Tbid., p. 212. 
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Haight of the class of 1828 said of him in 1874! “If one was thoroughly prepared 
in his recitation, all was well, but if a student was in doubt or needed a word 
of explanation in a difficult problem, he not only did not get assistance, but 
was sent down with some remark of the sort ‘If you cannot understand Euclid, 
dearie, (a term he frequently used when out of temper) I cannot explain it 
to you.’ The consequence was that only a small portion of the class could 
keep up with his course; those who had entered college thoroughly versed in 
the elements of mathematics and who studied very diligently after they had 
entered his lecture room, in my class not more than one-fifth of the number. 
I ought to add, however, that those who went to him in private always found 
him kind in manner and ready to answer their questions, and help them out 
of their difficulties.” 

At this time his portrait, now in the possession of Columbia University, 
was painted, apparently by the Irish artist, Ingham. This is the portrait 
reproduced elsewhere in the present issue. 

Two other items connected with this period of his life, I mention with re- 
serve. The anonymous biographer says? that soon after his election to the 
learned societies mentioned above, he was elected to several philosophical 
societies in Europe. I have been utterly unable to verify this, merely noting 
that Adrain gave no mention of such in signing his name, although he did 
append LL.D., F.A.P.S., F.A.A.S., etc. I have equally failed in my attempts to 
verify the statement of Brinkerhoff that about 1817 he commenced a cor- 
respondence with Laplace.’ 

Adrain’s connection with Columbia was severed in 1826; why, we do not 
know. The statement that the change to the country was necessitated by the 
state of his wife’s health must be taken with reserve for reasons which will 
appear presently. He returned to New Brunswick and to his former professor- 
ship, but only held it for a year, as he then accepted the professorship of mathe- 
matics in the University of Pennsylvania. There was a great deal of cor- 
respondence between Adrain and the University trustees before this could be 
finally arranged. He had just bought a new farm and his family absolutely 
refused to go, also Adrain had some feeling about his duty to Rutgers. Eventu- 
ally all was straightened out, and to Philadelphia he went leaving his family 
or part of it behind to enjoy the farm. His salary was $2500. 

Adrain, who had become Vice Provost in 1828, stayed in Philadelphia 
till 1834. The anonymous biographer tells us that he left on account of his 


1T have not seen the original of this, but am following W. B. Campbell in an address he delivered 
May 17, 1923, before the New Brunswick Historical Club. A typewritten copy of part of this address 
was kindly sent me by G. A. Osborn, Esq., Librarian of Rutgers University. 

* Democratic Review, p. 648. 

® Loc. cit., p. 457. 
* Copies of this were kindly sent me by Mr. Osborn. See also Campbell, loc. cit. 
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wife’s health, but the sad fact is that the records tell a different tale.! On April 
10, Adrain complained to “the Honourable the Trustees” that the members 
of the Junior class had become noisy and disorderly. He did not know why this 
had happened, and seemed to have no idea how to meet the situation. The 
board appointed a committee of three to confer with the faculty, the upshot 
of which was a report to the effect that the disorders in Adrain’s classes had 
continued for some time, that he seemed unable to suppress them, that the 
faculty were not in a position to help him, that the contagion might spread 
to other classes, and that the situation was intolerable. The conclusion was in- 
evitable; Adrain resigned, May 2, 1834, and the board passed very handsome re- 
solutions expressing great sorrow over the loss of such a distinguished professor. 

Perhaps it will be of interest to give a list of the subjects which Adrain 
taught at the University of Pennsylvania in 1829 :* 
Freshman year, 

Arithmetic reviewed, Algebra to quadratic equations inclusive, Euclid. 
Sophomore year, 

Algebra and geometry completed, application of algebra to geometry, plane and spherical trigonom- 
etry, surveying and mensuration. 
Junior year, 

Analytic geometry through conic sections, differential calculus, perspective geography, use of globes 
and charts. 
Senior year, 

Integral calculus, analytical dynamics, physical astronomy. 


Truly a wonderful amount to require of all the students! 

Adrain’s next move after leaving Philadelphia was curious. Leaving his 
family in New Brunswick he went to New York for the ‘period 1836-1840 
to teach in the Columbia College grammar school. Considering his eminence 
as a mathematician, and his recent failures as a disciplinarian, this is indeed 
a passing strange episode. It did not last long. He returned to New Brunswick 
in 1840, and died there August 10, 1843, in the 68th year of his age. 

Adrain was married in Ireland to Ann Pollock, and had by her seven chil- 
dren: Margaret, born in Ireland, never married; Mary Moore, married her 
father’s pupil J. N. Brinkerhoff; John, removed to Ohio; Sarah, married 
E. P. Stinson; Robert, graduated from Rutgers in 1827 and continued to live 
in New Brunswick; Elisa, married Peter Williamson; and Garnett Bowditch, 
Rutgers, 1833, member of Congress, 1856-1860.* 

It is time to turn from Adrain’s personal history to his mathematical 
production.‘ This began about five years after his arrival at the very first 


1 Copies of these also were sent to me by Mr. Osborn. 

2 This list was kindly given me by Professor M. J. Babb of the University, 

5 For further particulars see Campbell, loc. cit. 

‘ An incomplete list of Adrain’s work, prepared by Artemas Martin, is appended to the biography 
by his grandson cit. 
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moment possible, for he was one of the earliest contributors to the first mathe- 
matical journal published in this country, the Mathematical Correspondent, 
George Baron, editor, New York, 1804. The editor’s motto, as stated in the 
announcement, was to “inspire youth with the love of mathematical knowledge 
by alluring their attention to the solution of pleasant and curious questions, 
and to promote the mathematics by opening a channel for the ready conveyance 
of discoveries and improvements. .... c 

The Correspondent was, as might be expected, mainly a problem magazine 
but this was no particular distinction. One hundred years earlier the Ladies’ 
Diary began publishing questions and answers of a mathematical nature, 
and I doubt whether any exclusively mathematical periodical before Baron’s 
had essentially any other character. It is well to remember that the austere 
Crelle’s Journal, published “Aufgaben und Lehrsitze” as late as 1838.1 

Baron starts his first number, as we might expect, with a long didactic 
article of his own. It deals with proportion in arithmetic. One or two short 
articles follow, and then a number of questions, of which the fourth was to 
find the capacity of a hemispherical shell of given measurement. The solution 
of this problem in the following number seems to have been Adrain’s first 
published work in mathematics. He subsequently answered every question 
proposed, with the exception of one number. The early questions were trivial 
enough, although occasionally amusing. On p. 186 we have one beginning hope- 
fully “Five political vagabonds, A, B, C, D, and E are transported from 
New York.” The quality improves thereafter and other material appears. 
On p. 103 Adrain publishes a “Disquisition concerning the Motion of a Ship 
which is steered to a certain Point of the Compass.” He was a diligent reader 
of Laplace, and, to the end of his days, was interested in the earth considered 
as a rotating fluid spheroid in equilibrium. If a ship be steered due North or 
South, or due East or West, the balance between the centrifugal force and the 
earth’s attraction is destroyed, and she will drift in a direction perpendicular 
to the course steered. In Article XIX he gave what is really a splendid problem 
concerning a curve which he calls the “Catenaria volvens.” This is the form 
taken by a homogeneous flexible, non-elastic string rotating about two fixed 
points with a constant angular velocity, the attraction of gravity being dis- 
regarded. This problem is now quite a favorite in books on elliptic functions. 
I can not find that anyone ever considered it before Adrain, and after he had 
explained it and showed how it led to elliptic integrals, which, naturally he 
was not able to handle, it was forgotten again till 1860 when it was taken up 
by Clebsch, who had never heard either of Adrain or the Correspondent.? 


1 A bibliography by D. S. Hart of early American mathematical periodicals will be found in The 
Analyst, vol. II, Des Moines, Iowa, 1875, pp. 131-138. 
* Crelle, vol. 57, 1860, pp. 93 ff. See also Marcolongo, Napoli, Rendiconti, (2) vol. VI, 1892. 
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Adrain’s best known contribution to the Correspondent was his “View of 
Diophantine Algebra” which he somewhat inaptly defines as the “method of 
finding such rational values of one or more indeterminate quantities, that any 
proposed function of those quantities may become a rational square.” 

This essay covers some fifty pages. The first thirty explain the general 
methods, which are not novel. In the last twenty he solves specific problems. 
Here Adrain published the first article dealing with this branch of arithmetic 
that ever appeared in America. 

But the Correspondent was doomed. Some of the contributors were flippant 
in their remarks, to put the matter mildly. The worst offender in this respect 
was one signing himself “A. Rabbit” and giving as his domicile, first Harlaem 
(sic) near New York, and then Uncle Sam’s Downbelow. More serious was the 
disinclination of many subscribers to pay what they owed, a difficulty not con- 
fined to mathematical publications. Even a belated engraving of Baron’s 
own melancholy countenance failed to save the situation. 

At this point Adrain threw himself into the breach, and brought out in 
1807 the first sheets of a second volume, which included the last twenty pages 
of the Diophantine algebra. For some reason the trial was not satisfactory, 
for all the material was used afresh in his own new journal, The Analyst, or 
Mathematical Companion, Philadelphia, 1808.1 This publication was in many 
respects similar to its predecessor, but flippant and poetical contributions were 
excluded, and the standard of excellence was visibly improved. The first 
number contained, besides the close of the Diophantine algebra, a short and 
unimportant essay by the editor on the utility of mathematics, and a first 
batch of problems. These problems were solved in the second number, which 
included as well an article by Adrain on the use of logarithms in solving expo- 
nential equations of a complicated sort and certain new problems, including 
the following rather attractive one “On what day in the year does the sun’s 
apparent diameter increase the fastest?” 

In the third number Adrain published a discussion of what he called “isoto- 
mous” curves. Given a set of plane curves through a common point and with 
the same tangent there. The locus of points cutting them at equal arcual 
distances is called an “isotomous” curve for the set. In particular he took 
the case of a pencil of tangent circles and discussed the spiral whose polar 
equation is r=k(sin 6/0). 

He looked rather closely at the series developments involved in the problem, 
quoting Bernoulli and Landen, and then showed by ingenious geometrical 
reasoning that the area is finite, but the length infinite. 


1 This must be the explanation of the statement of the anonymous biographer, Joc. cit. p. 647 that 
the first number of the Analyst had so many misprints, that Adrain incurred the loss of republishing in 
Philadelphia. 
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Adrain contributed to the fourth number in a different way, generalizing 
a rather trivial question. What is the shortest curve, terminated by two 
opposite sides of a rectangle, which passes through a specified point within 
and divides it into two parts of given area? His reasoning here is decidedly 
ingenious, and he shows a striking knowledge of the isoperimetric problem. 
But this number of the Azalyst will always be notable for another reason. 

In No. II Robert Patterson had set the prize question how to correct the 
measurement of a polygon, whose successive sides are given in length and 
direction, but which, when plotted, does not close up. In No. IV Bowditch 
gave a solution based on certain specific, and not too convincing, assumptions. 
Adrain attacked it on a far higher ground. 

What general laws, he asks, will errors in measurement follow? What is 
the probability that we shall make an error £ in measuring a length X?! 

Suppose that we measure two quantities whose true values are X and IY. 
What is the probability that we shall make the respective errors — and 7 
where §-+-7=C? Adrain took it as evident that it is most likely that these errors 
shall be proportional to the quantities measured, i. e., 


Now let ¢(¢, X) be the probability of making the error & in the first 
measurement. Assuming the two events are independent, which is contrary 
to this previous assumption, their compound probability is the product of 
their individual probabilities, so that the function we would maximize is 
o(&, X)o(n, Y). Equating the logarithmic derivative to zero, 


, x) , 
d dn=0 
, x) , 


d§t+dn=0 
, x) , 
— = —— when —=—. 
The simplest solution is 
, x) 
, x) x 


, x) 
Here we have the first known demonstration of the exponential law of 
error, published a year later by Gauss, and usually associated with his name.’ 


1 In this discussion, I shall use my own notation, as that is more familiar to the modern reader. 
* This proof is reproduced by Abbe, “A historical note on the method of least squares,” 
American Journal of Science, 3rd. series. vol. 1, New Haven, 1871, pp. 41 ff. 
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The number of so-called proofs of the Gaussian law is very large. Not 
one of them is absolutely convincing, all rest on one or more rather arbitrary 
assumptions. Undoubtedly the law is not strictly true, and there is no such 
thing as a general law of accidental errors. We may go further and say that 
Adrain’s proof is by no means the best we have. That is not in the least 
astonishing. On the other hand, I am not certain that the objections that have 
been made to it are always well founded. There is the example of Glaisher! 
who said that the assumption that it is most likely that the error should be 
directly proportional to the distance measured is inadmissible. “In whatever 
manner the measure is effected, the error ought certainly to be relatively less.” 

I can not agree with this view. The probability of any error isa pure number, 
and should not be altered if the quantity measured, and the corresponding 
error, are altered proportionately in scale. This also appears from the expo- 
nential law itself, when rightly stated. This law does not tell us that the 
probability of an error £ is ke-"®/+/x, such a statement is absurd. What it 
tells us is that the probability of an error in the infinitesimal region &+4dé 
differs by an infinitesimal of higher order from ke~**dt/+x. If we multiply 
& and dé each by r, we must divide k by r at the same time; the probability 
is unaltered. Glaisher’s other objection is that 


9) 
= , where — 
O(n, 9) x 


merely involves 
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This is certainly true; Adrain expressly stated that he took the simplest 
solution. Why the simplest solution should be the solution is a mystery. 

It is a curious fact that some readers of Adrain’s proof failed to turn the 
page, and see that he gave another immediately following. Such was the case 
with Abbe, but the second proof was later reproduced by Merriman.? Using 
our previous notation, the probability of making errors and 7 in taking the 
measurements X and J, is assumed to be $(£, X) $(n,Y). There will be a 
curve of like probability in the XY plane, and if we assume that positive and 
negative errors are equally likely, and that the measures in abscissa are entirely 
comparable to those in ordinate, this curve will be symmetric with regard to 
both axes, and meet a vertical or horizontal line but twice. Finally, Adrain 


1 “On the law of the facility of errors. of observation” Memoirs of the Royal Astronomical Society, 
part I, 1871, especially p. 78. 
2 “On the history of the method of least squares”, The Analyst, vol. 1V, Des Moines, 1876, pp. 33. 
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tells us, the curve must be the simplest that fulfills these conditions, namely 
acircle. We thus get $(£, X)¢(n, Y) is a maximum when 


9) 
, 


It seems to me that this proof is decidedly weaker than the other. The state- 
ment that the curve must be the simplest is unfortunate. If there be a law of 
error, if we are hunting for anything that really exists, there is no reason why 
it should give the simplest curve. It is the previous question of why the simplest 
solution should be the right one in an aggravated form. 

No, Adrain’s proofs are far from perfect, perhaps they are the weakest 
that have been offered. While no published proof is perfect, there is no excuse 
for publishing any new proof unless it be in some sense an improvement on 
a previous one. Nothing can take away from Adrain the credit of having been 
the first to face squarely the problem of deducing a general law for the dis- 
tribution of errors, and of carrying it through to the point of finding a formula 
which, while not perfect, and not always applicable, is still the best that has 
been devised. Is it too much to say also that this formula was the first broad 
principle of pure mathematics discovered in America? 

After developing his error formula, Adrain proceeded to deduce therefrom 
the classical process of least squares, much as it was published, without dem- 
onstration two years previously by Legendre.! Legendre’s memoir was in 
Adrain’s library and doubtless he was guided in developing the law of error 
by a desire to justify the least-square method. In the Analyst he makes 
four applications of this method, namely, to determine a point en a line 
from inconsistent observations, to do the same for a point in space, to cor- 
rect a dead reckoning at sea, and to solve Patterson’s problem of the non- 
closing polygon. The numerical corrections which he reaches in this case 
agree closely with those suggested by Bowditch. He makes a fifth applica 
tion in a subsequent memoir which we shall notice in due time. 

There is little of interest in the remainder of the first volume of the Analyst 
except perhaps Adrain’s closing prize question, to explain the tides on our 
earth solely by the earth’s own motion and attraction, irrespective of the 
influence of the sun or moon. Naturally no solution was ever published, one 
wonders whether he ever regretted having proposed the question. 

The Analyst, like the Correspondent, died after one volume. We do not 
know the reason, we only regret the fact, noting that there was no new serial 


* Nouvelle méthode pour la détermination des orbites des cométes, Paris, 1806. 
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devoted to mathematical publication in America till 1814. Adrain had to 
content his mathematical craving in other ways, and he chose the editing of 
an American edition of the Course in Mathematics by Charles Hutton, LL.D. 
F.R.S., Professor of Mathematics in the Royal Military Academy. One can 
not wonder at the bravery of the British officers at Waterloo if they had 
mastered Hutton. Yet the book enjoyed an extraordinary popularity, passing 
through thirteen English, and four American editions. It is curious that a man 
who had read Lagrange should choose to edit Hutton. Adrain’s own con- 
tributions to the book he edited consist, in the first edition,! in a large number of 
really helpful footnotes, and two or three specific points which he mentions 
in the preface. One of these is his definiton of a surd:? “An irrational quantity 
or surd is that of which the value can not be accurately expressed in numbers, 
as the square roots of 2, 3, 5.” Adrain never doubted that these numbers had 
square roots in some sense. He probably would have agreed that, under his 
definition, the number 7 was a surd, he probably believed that it was; Hermite 
and Lindemann were far in the future. He tells us in the preface that Hutton’s 
own definition was that a surd was that which has not an exact root. This 
would seem to include, incidentally, all prime numbers. Another detail where 
he claims originality is in the finding of oscillations of a pendulum whose cord, 
passing over a freely turning pulley is attached to an object lighter than the bob. 
With regard to his footnotes as mentioned above, they are generally helpful, 
and mark an improvement over the original text. It is a pity that they are 
more frequent in the first volume, than in the second which covers more ad- 
vanced material. It is conceivable that some of this lay outside the circle of 
his natural interests. We are not sure how deeply he was concerned with such 
topics as “geodesic operations” or “the spouting of fluids.” 

These remarks apply to the first American edition. In the third, Adrain 
introduces a really important contribution to mathematical teaching in 
America, an essay on descriptive geometry. In appraising this, let us bear 
in mind that Monge’s Géometrie Descriptive was only published in 1800. 
Adrain’s essay saw the light in 1822, there was no article in German on the 
subject‘ till 1828. He deserves considerable credit for having so early discerned 
the importance of this topic, and having made a clear and concise exposition 
of it. Unfortunately, there is a question of priority that must be examined. 
Adrain never introduced this subject into his various editions of Hutton 
till 1822. The natural sources from which we should expect him to draw his 
material would be Monge and Lacroix. There is not the faintest resemblance. 
In no case are two successive problems in Adrain successive in Monge, in no 


1 New York, 1812. 
17. 3 Vol. II, pp. 556-557. 
‘ Loria, in Cantor’s Geschichte der Mathematik, vol. IV, Leipzig, 1908, p. 626. 


1' 


f 
D 


1926] AND THE BEGINNINGS OF AMERICAN MATHEMATICS 71 


case are three successive problems in Adrain successive in Lacroix, and, in 
fact there are only two cases of like sequence of two problems. But a year 
before, in 1821 Croizet, professor at West Point, published a descriptive 
geometry. We have these coincidences. Adrain 3, 4, 5, 6 are Croizet 1, 2, 3, 4. 
Adrain 8, 9, 10 are Croizet 5,7 and 8. Adrain 14, 15, 16, 18 are Croizet 9, 11, 
12, and 13. Later, dealing with the rather unsuitable question of spherical 
triangles, we have Adrain 1, 2, 3, 4, 5, 6 identical with Croizet 1, 2, 3, 6, 5, 4. 
Neither Monge nor Lacroix touch spherical triangles. There is no great 
similarity in the proofs. Sometimes Adrain’s proofs are like Croizet’s, more 
often they are not. Adrain often gives more than one proof which Croizet 
never does. Perhaps both had access to some source which I have not seen. 
My general impression, however, is that Adrain saw Croizet’s book, that he 
got therefrom the idea of adding this essay to his Hutton, and that he thought 
through the whole subject in his own way, and gave such proofs as he liked. 
But he should have made some mention of Croizet. I think there may have 
been some jealousy between the two men. 

In 1814 Adrain had another try at serial publication, the attempt being to 
continue the Analyst. The main part of the one short number was an algebraic 
explanation of Euclid’s theory of proportion, afterwards copied in James Ryan’s 
Algebra (1824). There follow sixteen questions including the prize one to de- 
termine whether the mouth of the Mississippi is farther from the centre of 
the earth than the source; and then the Analyst sinks quietly to rest. 

In 1817 Adrain contributed to the third volume of Portico, a literary and 
historical magazine of which five volumes were published in Baltimore. Only 
the third contained mathematical matter, and there were not many mathe- 
matical correspondents. Two of Adrain’s contributions to this are of interest. 
One consisted in finding the proportions of a cylinder of revolution which will 
revolve indefinitely about any axis through its centre. The question had been 
raised by Playfair,| who had come to the erroneous conclusion that no such 
cylinder was possible. The other had to deal with the differential equation 
which Adrain writes in fluxional notation 


adding “Now it is required to investigate the general relation of fluents (in- 
tegrals) involving one arbitrary quantity, and, besides, the particular solution 
of which the proposed equation is susceptible, and which is not comprehended 
in the fluent involving an arbitrary quantity.”? 


1 System of Natural Philosophy, Edinburgh, 1812. 
* Portico, vol. III, Baltimore, 1817, pp. 77 and 246. 
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This problem is taken from Emerson’s Fluxions, and Adrain first gave 
with the problem the incorrect solution there offered, without mentioning 
that it was wrong. After a while Croizet solved it neatly and correctly,' using 
differential notation, whereupon Adrain published his own solution? in fluxional 
notation. He gave both the complete and the singular solutions, and showed 
how the latter could be obtained by equating to 0 the discriminant of the former, 
looked on as a function of the constant of integration; standard practice for 
which he referred to Lagrange. Why did he publish this after Lagrange had 
given the general theory for all such equations, and Croizet has solved the 
particular equation in question? It lends color to the theory that there was 
jealousy between the two men. 

In 1818 Adrain left the Portico to contribute to the Scientific Journal 
published in New York by William Marat, only nine numbers appearing, 
February 1818 to October 1819. This storehouse of learning contains a large 
amount of popular and, supposedly, useful science; the mathematical part is 
also popular. Adrain’s contributions were unimportant. He does not seem to 
have been very proud of them, as he did not use his own name but signed 
himself Analyticus, New York.® 

In 1818 appeared two other papers of Adrain’s of a more serious nature. 
These are published in the Transactions of the American Philosophical Society.‘ 
The first, called an “Investigation of the Figure of the Earth, and the Gravity 
in Different Latitudes” sounds very deep indeed and was so esteemed by his 
contemporaries. Says the anonymous biographer’ “A neat, elegant, ingenious 
and profound production, exhibiting mind of the first order,.. . . . which gave 
him great celebrity not only in this.country, but abroad.” Adrain deserved 
greater celebrity than he ever acquired, either here or abroad, but not for this 
particular paper which is interesting and painstaking, but not at all striking. 
Laplace and Clairaut showed that if « be the length of a seconds pendulum at 
the equator, and r its length in latitude A, while y is a coefficient to be de- 
termined, then r=x+y sin? A. Laplace combined fifteen observations for dif- 
ferent latitudes by the best methods he knew, and deduced 1/336 as the ellip- 
ticity of the earth. Adrain combined them by the method of least squares and 
found 1/319. He then proceeded to show that the great difference in result 
did not arise from the difference in methods but from two errors in calculation 
made by Laplace. When these are rectified, Laplace’s method gives 2/633 
as opposed to the 2/638 of Adrain. 


1 Tbid., p. 406. 2 Ibid., p. 499. 

* The copy I have seen belonged to Bowditch. The name Adrain is written in ink next to the 
word Analyticus. 

* New series, vol. I, 1818, pp. 119 ff. and 353 ff. 

5 Loc. cit. p. 648. 
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Adrain’s other contribution to this journal has the title “Research con- 
cerning the Mean Diameter of the Earth.” It consisted in giving six different 
definitions of a sphere to be called the “mean” of a given spheroid and in show- 
ing that they lead to the same result, which result he uses to find the mean of 
our earth. 

In 1819 Adrain found a new mouthpiece. M. Nash published in New York 
the Ladies’ and Gentlemen’s Diary. The publisher announced that his periodical 
was “intended for an annual magazine including a variety of matter chiefly 
original on subjects of general utility in the arts, sciences, agriculture, manu- 
factures, etc. etc.” The plan was endorsed by six mathematicians including 
Adrain and Marat of the late Scientific Journal. The bulk of it is what will be 
found in any almanac, with special reference to astronomical data, but there 
is in addition useful and entertaining information, poetry, and mathematics. 
Adrain’s contribution consisted chiefly in two problems which he answered 
in subsequent numbers himself. The first, No. I, p. 62, is to find the law of 
stretching of a uniform thread which is considered weightless, but to which a 
weight is attached at the lower end, the upper being fast. The other is the old 
Analyst question of whether the mouth of the Mississippi is farther from the 
centre of the earth than is the source. This he answers in the affirmative, 
No. III, 53, on the hypothesis that the source is not more than a mile above 
sea level. 

The extinction of the Ladies’ and Gentlemen’s Diary in 1822 led Adrain 
into his last editorial venture The Mathematical Diary. Thirteen numbers 
were published in New York from 1825 to 1833. Adrain was editor of those 
numbered I to VI (there was no apparent distinction between III and IV) 
his successor being James Ryan.? The first number begins with an apology 
of the usual type, and an essay by Adrain on the rectification and quadrature 
of the circle which is not remarkable. More unusual is the inclusion of a review 
of the English translation of a volume on mechanics by Venturoli of Bologna. 
The volume closes with the usual sort of problems. Our interest is aroused by 
Adrain’s prize question in No. 2. The speed of the current of a certain river 
is a given function of the distance from the bank. If a boat can be propelled 
through the water with a given velocity by what path will she make the quickest 
crossing? Here is a perfectly straightforward question in the calculus of varia- 
tions, and it was solved by Strong of Hamilton College in No. 3 by the classical 
methods of Euler and Lagrange. Presumably Adrain knew what he was doing 
when he asked the question, and so was in possession of the elements of this 
calculus. 


1 Professor Babb wrote me, October 28, 1925, that Adrain had also computed all the dates in the 
magazine. 

* This journal was regularly, if briefly, reviewed in the Bulletin des Sciences Mathématiques, etc. of 
Terusac, 
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Adrain’s interest in the Diary did not cease when he resigned the editor- 
ship. In No. VI he showed that he had not lost his early interest in arithmetic 
by proving that the two quantities «*+xy+y?, x*—xy+~y? can not both be 
perfect squares. He asked another attractive question to which Bowditch 
and Nulty, besides himself, contributed answers in No. VII, to find the time 
of oscillation of a short bar which is balanced horizontally on a sphere, and 
then slightly displaced. He answered another oscillation question in No. VIII, 
but the great interest of that number consists in the fact that a junior in Har- 
vard contributed a discussion of the motion of a particle rolling down a quadrant 
of an ellipse under gravity; that junior was Benjamin Peirce. The number 
closed with a prize question by Adrain on the rolling of a disc on a horizontal 
plane, which question he answered in No. IX. In No. X he answered one or 
two questions, the most important dealing with a compound pendulum. An- 
other pendulum question appeared in No. XII, p. 175, and this, so far as I 
have been able to discover, was his last piece of original published mathematical 
work, although he was only fifty-seven at the time. In the field, not of original 
publication, but of editorship, Adrain did one more serious piece of work, 
namely, he published a revised edition of A New Treatise on the Use of Globes, 
or a Philosophical View of the Earth and the Heavens by Thomas Keith. The 
first English edition of this curious work appeared in 1805, the second in 1808. 
The first American edition appeared in New York in 1811. It is a strange 
compound. The earth and the heavens are both conceived as spheres, and 
both represented by globes, so Keith writes a book which is a cross between 
a treatise on popular astronomy and one on physical geography, with much 
of the sort of information that one finds in an almanac, and a concluding part 
with one hundred two problems and some three hundred short astronomical 
questions. Adrain completed his labor on the new edition in 1826, although 
it was not published till 1832. He added a large number of new footnotes, 
cuts, and other explanatory material. Sometimes the alterauons are small, 
as when he corrects Keith’s statement that the Andes are the highest mountains 
in the world with a footnote to the effect that perhaps there are higher moun- 
tains in the Himalayas; in other cases the new material is more serious like 
the footnotes on the reason for the ellipticity of the earth’s orbit, the nature 
of refraction, etc. A fourteen page chapter dealing with different proposed 
explanations of Noah’s flood is replaced by short chapters on sidereal astronomy. 
The astronomical tables are altered and improved. While we may regret that 
a man of Adrain’s original capacity should waste his time with this sort of 
thing, it must be confessed that here, as in other cases, he made evident im- 
provement in the book he chose to edit. 

It is a great pleasure to be able to say that Adrain’s mathematical activity 
was not covered by his published work. He left behind a considerable amount 
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of manuscript, which has never yet been described, but of which we shall one 
day learn the nature. Professor Babb of the University of Pennsylvania has 
been studying this and all other material dealing with Adrain for years; when 
the results of his researches are finally published we shall have at last a proper 
basis for estimating his importance to mathematics.' 

What shall we say of Adrain in the light of such information as is now 
available? He was the contemporary of Cauchy, Abel and Gauss whose bio- 
graphers have given them no more enthusiastic praise than has been bestowed 
on him, but it would be blasphemy to compare him with any one of them. 
While he was displaying skill and ingenuity in solving problems, they were 
enriching mathematical science with long memoirs of unperishable value. 
These men were among the greatest mathematicians, not only of their time, 
but of all time. Adrain makes a very poor showing when compared with 
them. But is that the right way to appraise him after all? 

He enjoyed most limited library facilities, according to our modern stan- 
dards, but he made the very best use of what was available. He steeped 
himself in the works of the best writers on mathematics who had preceded 
him, there was hardly a branch of mathematical science which did not in- 
terest him and to which he did not make some small contribution. He lacked 
contact with his great European contemporaries, and his judgment of the 
standing of certain mathematical writers was occasionally at fault as when he 
wrote in the preface to the Analyst “The greatest mathematicians as Pascal, 
Leibnitz, the Bernoullis, .... Emerson, Simpson, Hutton, and Vince.” But 
he cultivated assiduously the best scientific contacts that were available to him 
in the United States. There can be no question as to his outranking every 
American mathematician who was really his contemporary. Bowditch’s 
Navigator may have been one of the most useful books ever written, and his 
translation of Laplace was of splendid service to higher education in America, 
but he never evolved anything which could be called an original mathematical 
theory. Others may have given better demonstrations of the exponential 
law of error, Adrain gave the first. His methods in Diophantine analysis were 
not novel, but he did obtain some new theorems. He may have frittered away 
in problem solving a talent that might have produced noteworthy contribu- 
tions to our science, but his problems were far ahead of those suggested by 
others. It was indeed no small accomplishment in his day, and under his con- 
ditions, to ask and answer questions involving the calculus of variations and 


1 Professor Babb, who has courteously answered a number of questions which I have raised in the 
preparation of the present article, kindly offered to acquaint me with the contents of a number of 
Adrain’s unpublished manuscripts. I could not feel that I should be justified in taking advantage of 
this generous offer. Had I been aware, when I started writing, that he had giverrthe subject a far deeper 
study than was possible for me in the time available, I should have hesitated to speak of Adrain at all. 
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elliptic integrals. What he might have accomplished under more favorable 
circumstances must always remain a subject of conjecture. What he did 
accomplish entitles him to the glory of a pioneer in the development of Ameri- 
can mathematics. 


FORMULAS FOR THE ERROR IN SIMPSON’S RULE 
By J. B. SCARBOROUGH, U. S. Naval Academy 


1. Introduction. If y=f(«) is a continuous function of x in the interval 
a<x <b, Simpson’s one-third rule is 


h 


where ” is an even integer and h=(b—a)/n. 

This is probably the most widely used formula for numerical integration, 
and its extensive use is doubtless due to its simplicity, ease of application, and 
relatively high accuracy. In many problems where Simpson’s rule is employed 
the given data are less accurate than the formula, and in such cases there is 
no need of considering the error due to the rule. Problems do arise, however, 
in which the values of the given function can be obtained to a higher degree 
of accuracy than Simpson’s rule is capable of yielding with a convenient number 
of ordinates, and in such cases it is desirable to have a means of determining 
just how many figures in the computed result are correct. . 

The earliest expression for the error inherent in Simpson’s rule was given 
by James Stirling! in 1730 for the special case of three ordinates. The expression 
which is most often met in the literature is 


ht 
E=——(b—a)f*(é) , sésd. 
a)f*(€) asé (2) 
A more useful formula, due to Chevilliet,? is the following: 


— )] (3) 


from which (2) follows by the law of the mean. Formula (3) is not exact, but 
it gives the principal part of the error. 

It is obvious that (2) and (3) apply only when the analytic form of the func- 
tion to be integrated is known and that (2) can give only the limits between 


* Methodus Differentialis (1730), p. 146. 
* Comptes Rendus 78(1874), p. 1841. 
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which the actual error lies. The object of the present paper is to develop 
definite formulas which will give the principal part of the error inherent in 
Simpson’s rule in all cases, whether the analytic form of the function is known 
or unknown. The first fundamental formula, (4), to be derived gives an exact 
expression for the error, but applies only to functions of known form ; the second, 
(13), gives only the principal part of the error, but is applicable in any problem 
where Simpson’s rule may be used. Neither of these formulas, so far as the 
writer is aware, has hitherto been published. Formula (20) is also believed 
to be new. 

2. Case 1. Analytic form of the function knowa. 

THEOREM I. When the analytic form of the function is known, the error 
inherent in Simpson’s rule is given by the formula 
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Proor. Let y=f(x) be continuous in the interval a<*<b and let it have 
continuous derivatives of all orders within this interval. Aiso let 


J e+e 


Then for the interval k—h<x<k+h, where a+h<k<b—h, we have 
kth 
. (S) 
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Expanding the terms on the right by Taylor’s theorem and remembering 
that 


F'(x)=f(x) , F’'(x)=f'(x) , etc., we_have 
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Hence 

k+h hs hb 

k~h 3! S| 

The value of this integral by Simpson’s rule is 
k+h h 
S= f(x)dx= (7) 
k—h 


Expanding f(k—h) and f(k+h) by Taylor’s theorem, we can write (7) in the 
equivalent form 


a 4! 6! 


Hence the error due to Simpson’s rule is 


5 


pt friii(k)+ - | (9) 
21 1008 


This is the error for any interval from «=k—h to x=k+h. Let the whole 
interval (a,b) be divided into an even number n of subintervals, each of 


length h, by the points %, «1, %2, , Xn, Where X»=a, X1=a+h, +++, 
then on putting x3, , successively in (9) and adding the results, 
we get 


2 


h i vif + vi 
1 vi x . . . n—- 
+ (x1) +f¥i(as) + +f¥i(4n~1) | 


4 


as the error for the whole interval. 

3. Case 2. Analytic form of the function unknown. If the form of the 
function f(x) is unknown and we are given only a graph or a set of tabular 
values of the function and argument, we can still find an expression for the 
principal part of the error in Simpson’s rule by assuming that the given func- 
tion is continuous and has continuous derivatives throughout the interval 
(a, b). To do this we replace the derivatives in (9) and (10) by their values in 
terms of differences. This procedure really amounts to replacing the given 
function by a polynomial of the mth degree through the +1 points (xo, yo), 


q 
4 
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(1,1), * * *,(%n,¥n). The most convenient form of polynomial for our purpose 
is given by Stirling’s formula of interpolation. If we change the independent 


variable from x to u by means of the substitution 


x=k+hu, or u=(x—k)/h, (11) 
we can write Stirling’s formula in the form 
1?) A®y,nt+A®  4?(u?— 1?) 
3! 2 4! 
u(u?— 1?)(u?— 2?) Ady, (12) 
5! 2 
where the differences are given by the following scheme: 
x u y=f(x) Ay Aty Aty Aty Aty Aty 
k—3h —3 
A* 
k—h A*yx_2n A* 
Aye 
AYk+h 
k+2h 2 
k+3h 3 
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TueorEM II. The principal part of the error inherent in Simpson’s rule 
is given by the formula 


h 


when n= 6, and by’ the formulas 


h 
— 92) + 6y1] (13a) 


h 


when n=2 and n=4, respectively. 


Proor. Differentiating (12) with respect to x by means of (11) and then 
putting « =0 in each derivative, we get the following results: 


1 7 
pile) =— (2° ) 


1 
i 


Substituting in (9) these values for the derivatives and then dropping (for 
reasons to be given later) all terms containing sixth, eighth, and higher dif- 
ferences, we get 


h 
E= A*y,_on « (14) 
Replacing A‘y,_2, by its value in terms of the y’s, we have 


h 


as the error for any interval of width 2/4 and mid-point «=k. 


| 
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Putting k=x,, we have! 


h 
E,= 4yo+6yi— 4yot+ ys) 


h 
Likewise, on putting k=43, - , in succession and adding the results, 
we get 
h 
ys) +7 (mit ys) (17) 
h 


h 


REMARKS. 1. The practical advantages of formulas (13), (13a), (13d) are 
that they are definite in magnitude and sign, they apply to any function to 
which Simpson’s rule can be applied, and they involve only the quantities 
used in the rule itself—with the exception of the two extreme ordinates y_, 
and y,,:. The only disadvantage is that they involve the two extra-interval 
ordinates just mentioned, but this disadvantage is not serious. 

2. It is worth noting that these formulas (13), (13a), (130) can be obtained 
by integrating Stirling’s interpolation formula (12). Remembering that dx =hdu 
and integrating (12) between the limits x=k—h to x=k+h or u=—1 to 
u=1, we get 


k+h 1 Aty,_ 
6 180 


A®y,_ 
1512 


1 This is equivalent to the expression which Stirling obtained in 1730 for three ordinates. Stirling 
wrote (for two subintervals each of width h) 


A+4B 
Area X base 
P—4A+6B 
Correction term (error) ae X base, 


where, in the notation of the present article, A=yo+~y2, B=y1, P=y_1+ys, and stated that the correc- 
tion term was to be added when negative and subtracted when positive. See his Methodus Differentialis 
(1730), p. 146. 
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The first two terms on the right give Simpson’s one-third rule; the succeeding 
terms are correction terms. The first of the correction terms, —(2h/180)A*y,_2, 
is the same as (14) above. 

3. Since the quantities given by (3), (4), and (13) are definite in sign and 
numerical value, they may be applied as corrections to the results found by 
Simpson’s rule. The application of these corrections will usually give a final 
result as accurate as could be obtained with Simpson’s rule alone with twice 
as many ordinates. 


4. Reasons for dropping sixth and higher differences. Sixth and eighth dif- 
ferences were discarded in the derivation of (13) because of two facts of 
practical importance. 

(a2) When the values of the y’s used in Simpson’s rule are the results of 
measurements of any kind or of computations from a formula, they are liable 
to be affected with errors of measurement or of computation. The effect of 
such errors is cumulative in the process of taking differences, so that what 
might appear to be a sixth difference of considerable magnitude would really 
be an accumulation of errors. For example, if each of the y’s were affected with 
an error of magnitude e, the error in the sixth difference would be 


€x—3h — + 20€4+ 15 ; 


and since these errors (€) might not all be of the same sign, their combined 
maximum effect might possibly be as great as 2% or 64«. Obviously nothing 
would be gained by retaining the higher differences in problems of this sort. 

(6) The second reason for dropping the higher differences is this: It will 
be observed that formulas (13), (13a), (136) contain two ordinates, y_, and 
Yn+1, Outside the limits of integration. If sixth, eighth, and higher differences 
were retained, the resulting formulas for the error would contain four extra- 
interval ordinates (two at each end) in the case of sixth differences, six (three 
at each end) in the case of eighth differences, and so on. The necessity for 
bringing in these extra ordinates would decrease the usefulness of the error 
formulas. 


5. To find the value of h for a stipulated degree of accuracy. If we should 
wish to know the value of # corresponding to a stipulated error in the final 
result, we could find it as follows: 

(a) If the analytic form of the function is known and the third derivative 
is easily calculated, substitute in (3) the given E and the calculated values of 
(6) and f’’’(a); then solve for h. 

(b) If the form of the function is not known, or if known but the third 
derivative is not easily found, assume a convenient value, /;, for h, find the 
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corresponding E, by means of (13), (13a), or (130) and then use the relation 

, (obtained from (3)), from which h=hvV/(| E,|/|E,|), (20) 
1 i 


where £, is the prescribed error in the final result. 


6. Examples. 


(a) log x dx =0.38629432 by integration 
=0. 38629338 by Simpson’s rule, taking = 0.1. 
Hence 
Actual error =+0.00000094, Corrected result = 0.38629435, 
Error by (3) =+0.00000097, Final error = —0.00000003. 


Error by (13) =-+0.00000097, 
Value of / corresponding to this final error is k=0.042. 


14 
(b) f (sinx—logx—e*)dx = 4.05095 by integration 
” = 4.05107 by Simpson’s rule, for =0.1. 
Actual error =—0.00012, Corrected result = 4.05092, 
Error by (3) =—0.00014, Final error = 0.00003. 
Error by (13) =—0.00015, 


DEFINITIONS AND POSTULATES FOR RELATIVITY! 
By H. P. MANNING, Providence, R. I. 


The object of this paper is to offer some definitions and postulates that 
may serve as a basis for relativity, at least in a space of one dimension. Some 
writers have given postulates and theorems with proofs” but I knowof no com- 
plete formal system such as we have for several branches of mathematics, and, 
in particular, for geometry. Perhaps the nearest approach to such a treat- 
ment is to be found in the presentation of A. A. Robb based on what he calls 
“conical order.” His undefined elements are “instants” and his undefined 
relation (he calls it “fundamental”) is the relation “after,” but his twenty- 
one postulates and many technical terms look somewhat forbidding. We pro- 
pose to use familiar terms and in a way that is consistent with their ordinary 


1 Presented to the American Mathematical Society, October 31, 1925. 

* For example, E. V. Huntington in the paper referred to in this Montuty (1925, 187, footnote). 
(This paper was reprinted in the Philosophical Magazine for April, 1912, pages 494-513); R. D. Carmichael, 
The Theory of Relativity, New York, 1920; A. A. Robb, Theory of Time and Space, 1914, The Absolute 
Relations of Time and Space, 1921, both published at Cambridge, England. See also article by C. Cara- 
théodory, “Zur Axiomatik der speziellen Relativitatstheorie,” Sitzwngsber. der Preuss. Akad., Phys.- 
Math. Klasse, 1925, I-VII, pp. 12-27. 

Birkhoff in his Relativity and Modern Physics (reviewed in this MoNnTHLY, 1925, pp. 185-201) lays 
considerable stress on postulational treatment of time and space, but he seems to be using the term in 
a physical sense. 
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meanings, although it will require great care to hold ourselves strictly to our 
definitions. 

In the explanation usually given of the determination by light signals 
of the time and position of an event in a space of one dimension or line, an 
observer at a point A sends a flash of light as a signal to a second point B 
at time ¢,; and receives the reflected flash at time /2. The reflection at B is 
an event whose time according to the observer is ¢=4$(t2+¢:), and whose 
position is denoted by the abscissa x =} c(t.—#1), c a constant, which we can 
make equal to 1 if we wish. 

Instead of a signal reflected at B we can think of the flash as a light particle 
meeting at B a second light particle that is coming towards A, and then we 
can imagine a continuous series of light particles passing along our line in the 
positive direction, each denoted by the time /, when it is at A, and a second 
continuous series passing along our line in the negative direction, each denoted 
by the time ¢, when it is at A. Any event will be at the meeting of two light 
particles of the two series, and we can think of the meeting itself as the event. 
These considerations have led to the conceptions and definitions that follow. 

We will make use of ordered series that would be called by Huntington! 
linear continuous series of the type that has no first element and no last element. 
An example is the series of all real numbers, and it will be convenient to speak 
of any such series as a series of the type of the series of all real numbers. We 
will assume that we have two such series with no element in common. We will 
call the elements of one series positive light particles and the elements of the 
other negative light particles. Each of these terms is to be regarded as a single 


1E. V. Huntington, The Continuum and other types of Serial Order, second edition, Cambridge, 
Mass., 1917. 

According to Huntington, a linear continuous series is a class K with a relation precedes. The 
relation is denoted by the sign < and the class satisfies the following postulates: 

Postulate (. The class K is not an empty class nor a class containing only one element. 

Postulate 1, If a and b are distinct elements of K, then a<b or b<a. 

Postulate 2. If a<b, then a and 6 are distinct. 

Postulate 3. If a<b and b<c, then a<c. 

Postulate C/. If K, and Ke are two non-empty parts of K such that every element of K belongs 
either to K, or Ke and every element of K, precedes every element of Ke, then there is at least one 
element X in K such that 

(1) Any element that precedes X belongs to Ki, and 

(2) Any element that follows X belongs to Ke. 

(“b follows a” is the same as “a precedes b.”) 

Postulate C3 The class K contains a denumerable sub-class R such that between any two elements 
of K there is an element of R. 

In the series of all real numbers the rational numbers form such a sub-class. 

These postulates are taken from §§ 12 and 54 of The Continuum. 

To determine the particular type of series that is like the series of all real numbers, we add a 

Final postulate. The class K contains no first element and no last element. 
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expression, with no reference to the ordinary meanings of the three words 
that make it up, and such expressions as “light particles” and “series of light 
particles” only as abbreviations for the full terms. 

If a and b are two elements of a series of any kind, then a precedes 6 in 
one direction and 6 precedes a in the other direction in the series. In each of 
our two series we will choose one of the two directions and use the word “pre- 
cedes” in only one sense. The series of all real numbers will be taken in the 
ascending order, and any series of this type that may arise will be defined with 
one particular order as the order which alone is to be considered. 

Two light particles, one from each series, constitute an event. 

We can establish a one-to-one correspondence in an infinite number of 
ways between the elements taken in order of two linear continuous series of 
the type of the series of all real numbers. This theorem is proved by Hunt- 
ington. If we establish such a correspondence between the positive light 
particles and the negative light particles we shall be selecting an infinite 
number of events in a definite order that will themselves form a series of the 
same type. We will call such a series a particle. It is to be understood that there 
is no connection between the word particle so used and as used in the expression 
“light particle.” 

Let A be a given particle and in some particular way assign to the events 
of A in order in a one-to-one correspondence the series of all real numbers. 
The number assigned to any event of A we will call A’s local time for that event, 
but the word “local” may often be omitted when we do not need to emphasize 
the fact that it is time at an event of A. Then assign to each light particle the 
number that indicates A’s local time for the event of A to which it belongs. 
Let ¢; denote this number for a positive light particle and ¢. for a negative 


1 Let Rand R’ be denumerable sub-classes such as are required by Postulate C3. Let their elements 

when arranged as sequences be denoted by 

Aaa —- — — 
and 

bi bg bs — — — 
First take a, and 6, as corresponding elements. These divide the rest of the elements of R and R’ each 
into two sub-classes, the two sub-classes in R corresponding in order to the two sub-classes in R’. Find 
to which sub-class of R a2 belongs and let it correspond to the first b that belongs to the corresponding 
sub-class of R’. The elements of R and R’ that have not been used now are divided into three sub- 
classes, those in R corresponding in order to those in R’. Next take the first b that has not been used, 
note to which of the three sub-classes of R’ it belongs, and let it correspond to the first @ that belongs 
to the corresponding sub-class of R. If we continue in this way, taking a’s and b’s alternately, any given 
element of R or R’ will be taken at some stage and every step of the process will be possible. 

Any elements of the two classes that do not belong to R or R’ will be defined by cuts in R and R’, 
and the correspondence of R and R’ establishes a correspondence of these cuts, and a complete cor- 
respondence of the two given series with corresponding elements in the same order. 

There will be an infinite number of sub-classes R and R’, and the elements of any such sub-class 
can be arranged as a sequence in an infinite number of ways. 

This proof is taken with slight modifications from §§ 61, 59 and 45 of The. Continuum. 
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light particle. The light particles of the two series will be represented by the 
values of ¢; and ¢, respectively, and any event by the numbers /; and ¢2 of the 
two light particles that constitute it. 

If we make the series of all real numbers correspond to itself in a one-to-one 
correspondence of its elements taken in order, we shall be establishing a func- 
tional relation in which each variable is an increasing continuous function of 
the other. In any functional relation of this kind corresponding increments 
of the two variables always have the same sign and neither is ever zero. When 
the equation can be differentiated the two inverse derivatives may take the 
values zero and infinity for a particular pair of values of the variables,’ but 
they are never negative. When we define a particle by establishing a one- 
to-one correspondence of the positive and negative light particles, this cor- 
respondence carries with it a correspondence of the numbers ¢; and ¢2 assigned 
to them, that is, a correspondence of the series of all real numbers with itself. 
Therefore the particle is represented by an equation (or functional relation) 
satisfied by the values of ¢; and ¢2 for any event of the particle. By this equa- 
tion ¢,; and f, are made increasing continuous functions, each of the other, 
corresponding increments always having the same sign, and neither ever zero, 
and when the derivatives exist and are not zero nor infinite the differentia’s 
dt, and dt, have the same sign. If we plot events, using ¢, and fz as coérdinates, 
the graph of a particle will be a line or curve with everywhere a positive slope, 
or at least with all chords sloping positively. 

For an event, /1, tz, we define the time according to A and the position 
according to A by means of the equations 


t=$(te+h) ’ x= }$c(te—ty) ’ (1) 


caconstant. Thus an event is represented also by its time and position and a 
particle by an equation in ¢ and x. 

For any two events of a particle the increments of time and position are 
given by the equations 


At=3(Ate+At), Ax=4c(Ate—At;) , 


and since Af, and Af, always have the same sign, Ax is always numerically 
less than cAt. 
When the equation of a particle can be differentiated 


dt =43(dt.+dt,) dx =4c(dt,—dt,) ’ 


1 The equation aw—bv=c, where a and 6 are positive numbers, is an example of such a relation 
but the statement is intended to include all possible relations of the given type. 
As, for example, for «=v=0 when the relation is »>= 1°, u and » real. 
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and if the derivatives of ¢; and /, with respect to each other are never zero 
nor infinite we shall always have dx numerically less than cdf. 
The solution for ¢; and ¢: of the equations that define ¢ and x gives us 


ty=t—(x/c), t=t+(x/c), (2) 


and a similar solution can be written down for the increments, and for the 
differentials when they exist. 

When the differentials exist we can define the velocity according to A of a 
particle at any one of its events as equal to dx/dt, and so also as equal to 


dt, 
dt,’ 


(3) 
and when the derivatives of ¢; and ¢, with respect to each other are never zero 
nor infinite the velocity will always be numerically less than c. 

If one of these derivatives becomes zero for a particular event the velocity 
at that event becomes numerically equal toc. If at some event these derivatives 
do not exist, we might consider the ratio of increments Ax/At. But to avoid 
too many details we will omit these cases and consider only particles that have 
at each of their events a velocity numerically less than c. 

Let u denote the velocity. Then 


dt, dts 
= =dt. 
1—(u/c) 1+ (u/c) 


Now let us establish a second system of reckoning time and position. 
Taking a second particle B, we assign to the events of B in order in some 
way the series of all real numbers, each number as B’s local time for the event 
to which it is assigned; and then we assign this number to each of the two 
light particles that constitute the event. Using! ¢;’ and fs’ as before we used 
t, and ¢2, we base upon these numbers a system of reckoning the time and posi- 
tion of any event, say ¢’ and x’, defined in the same way as ¢ and x. 

The assignment of ¢, and ¢,’ to the positive light particles establishes a 
correspondence of the series of all real numbers to itself. Thus ¢; and ¢;’ are 


(4) 


1 Instead of starting with a particle A we might build up our first system by assigning the series 
of all real numbers directly to the positive light particles and also to the negative light particles, in 
each case in a one-to-one correspondence of the elements taken in order, letting ¢, and ¢2, respectively, 
denote the numbers so assigned. Then, if we wish, we could consider the particle A for which t;=4, 
or we could let A denote any particle for which df, =dta, so that t; and ¢2 would differ only by a constant. 
These particles would be described as stationary, and we might think of their aggregate as constituting 
a material body that is stationary (according to this system). For the second system we should assign 
the series of real numbers in some other way to the two series of light particles, calling them now #,’ 
and fy’. Time, position and velocity would be defined as before, but defined as according to one or the 
other of the two systems rather than as according to A or B. 
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functions of each other, increasing continuous functions. Likewise ¢, and 2,’ 
are increasing continuous functions of each other. Here again, to avoid too 
many details, we will consider only cases in which the derivatives of all 
of these functions exist and do not become zero nor infinite, and so the dif. 
ferentials of ¢; and ¢;’ have the same sign, and the differentials of ¢, and ¢,’ 
have the same sign. 

In general, our differentials are taken “for some particle,” or ‘“‘at some 
particle,’ but the ratio of dt,’ to dt, will be the same for all particles at a given 
event and for all events that contain the same positive light particle. Like- 
wise the ratio of df.’ to dt, will be the same for all events that contain the same 
negative light particle. 

From the equations connecting these differentials we can obtain the equa- 
tions that connect dé’ and dx’ with dt and dx for any particle P, and then 
the equation for the velocities of P according to the two systems and the equa- 
tion for the differentials of ¢ and ?#’ at P. 

Take, in particular, the particle B itself. For this particle dé,’ =dt,’ =d/’, 
and, if v is the velocity of B according to A, the differentials of the time at B 
according to the two systems will be equal, respectively, to dt:/(1—v/c) by 
(4) and dt;’. Then if a is the time-rate of B according to A, that is, the ratio 
of the differentials of the two kinds of time at B, we shall have 


dt;'=adt,/(1—v/c) . (S) 


The values of v and a are determined for each event of B and each event 
of B is determined by the value of ¢; for it. Thus in the above equation we 
may regard v and a as functions of ¢,, and this equation will then be the dif- 
ferential of the relation already referred to between ¢; and t,’. 

The same calculations with dt, and dt,’ give the equation 


dts! =adt,/(1+0/c) , (6) 


where v and a may be regarded as functions of tz, so that this equation is the 
differential of the relation between and 

Equations (5) and (6) may be applied -to any particle at any of its events 
provided that it is understood that in (5) v and a are the velocity and time- 
rate of B at the event of B for which ¢, has the same value as for the given event, 
and that in (6) v and a are the velocity and time-rate of B at the event of B 
for which ¢. has the same value as for the given event. Thus, in general, these 
quantities will not have the same values in the two equations and the equa- 
tions will not be simultaneous in them. 

They will be simultaneous: 

(1) if v and a are constants, the particle B having a constant velocity and 
a constant time-rate according to A, 
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(2) at the events of the particle B itself. 

We are particularly interested in applying these equations to the particle A 
and determining the mutual relation of the two systems of reckoning time and 
position. At A, dt, =dl,=di. If Bis so related to A that we can take v and a 
the same in the two equations when we apply them to A, we shall have 


dts! /dt,’ =(1—v/c)/(1+0/c) , (7) 


and therefore, by (4), the velocity of A according to B will be equal to minus 
the velocity cf B according to A. 

As to the time-rate of A according to B, that is, the ratio of the differential 
of A’s local time to the differential of B’s time at A, the addition of (5) and (6) 
with division by 2 will give dé’ =adt/(1—v?/c*), or 


dt=(1/ak*)d?’ , (8) 


where k =1/V (1—v?/c*). 

The relation of the two systems is characterized by the nature of the time- 
rate a. ‘lwo cases are usually considered: 

(1) a=1, B’s local time the same (except perhaps for a constant) as A’s 
time at B. If every particle is made to have a local time the same as the time 
at it of a given system, the space-time is said to be aeolotropic. 

(2) a=1/k. In this case A and B have each a time-rate according to the 
other that is equal to 1/k or V(1—v?/c?). Even when 2 is not the same in 
(5) and (6) we may take a=1/k in these equations. They will then become 


This may be called the case of relativity, but when v is not the same in the two 
equations the relations of A and B will not be symmetrical.! 


1 Suppose, for example, that B leaves A, goes a certain distance and immediately returns, going 
all the time with a constant velocity v. If his time-rate is 1/k he will find that his time has been going 
more slowly than A’s time. But according to B it is A that has gone a certain distance in the other 
direction and returned, and during all of his motion his velocity is numerically equal to v and his time 
is going more slowly than B’s time with him. But A, instead of returning immediately, appears to B 
to be stationary for a certain middle period, and during this time his local time goes more rapidly than 
B’s time with him, enough more rapidly to make up for all the time lost during the other periods, and to 
account for the amount that B’s time does actually lose as compared with A’s time. This can be shown 
in various ways. With our equations it results from the fact that in the middle period the v in one equa- 
tion is the negative of the v in the other. 

If we had set up our two systems without reference to any particles A or B in the way explained 
in the footnote on page 87 and then considered the two sets of particles stationary with respect to 
the two systems, we should have found in the example above that the relations of the two systems are 
symmetrical. 
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DETERMINATION OF THE REDUCIBLE CASES OF THE FIXED 
CENTRODE OF THREE-BAR MOTION 


By EMMA WHITON McDONALD, Berkeley, California 


The problem of the fixed centrode of three-bar motion has been studied 
by Roberts,! Cayley,? Darboux,* Clifford‘ and others. In particular Clifford 
has pointed out that the centrode may reduce to an ellipse and has proposed 
the problem of finding all cases in which the curve which is in general of order 
eight, reduces. This problem is solved in the following way. 

Suppose in a plane a quadrilateral ABCD with sides of definite length is 
so formed that AD is fixed in the plane and AB and CD are allowed to rotate 
about A and D. Then B and C will be hinged points. The problem under con- 
sideration is a study of the locus of intersection of AB and CD as the figure 
is rotated about A and D as pivots. This is the locus of the instantaneous 
center in the fixed plan, or the fixed centrode of the three-bar motion. 

For each position of AB there are four points in which it may meet CD, 
and similarly for each , osition of CD there are four points in which it meets AB. 
Then since the correspondence is four to four any line meets the curve in 
eight points. Hence it is a curve of the eighth order. But since the line AB 
can meet the curve only in four points and the point A, A, and similarly B, 
must be a quadruple point. Since each multiple point of order k is equivalent 
to $k(k—1) double points, A and B are equivalent to twelve double points. 
To each of the four branches of the curve at A and B will correspond two co- 
incident tangents and, at least in the case of continuous rotation of both AB 
and CD, no more. Therefore the class of the curve appears to be eight. Then 
m=8, n=8, d=12. Substituting these values in Pliicker’s formulae T =12, 
K=8 and J=8. Hence the deficiency of the curve is one. These conclusions 
agree with the work of Darboux in which he shows that the curve is elliptic. 

In a rectangular system of coordinates let A be at the origin and AD=d 
lie along the positive x-axis. Then if AB=a, BC=b, CD=c, the coérdinates 
of B and C are (a cos @;, a sin 6;) and (c cos 62+d, ¢ sin 62) respectively. Then 


b? = (1) 
or 


a?— cos@,.—2ac cos6;—2ac (2) 


1 Proceedings of the London Math. Society, vol. 7, p. 14. 
2 Proceedings of the London Math. Society, vol. 7, p. 136. 
3 Bulletin des Sciences Mathématiques, 1879. 

* Elements of Dynamic, Clifford. 
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Placing 
2t 2T 
equation (2) becomes 
2cd) — (1—#)(2ad— 2ac) } — 8actT 3) 


—(1—#)(2ad+2ac)=0 . 
Solving this equation for T 


~ — } 4) 
(1+#)(a?—b?+ 2+ d?— 2cd)+2a(1—#)(c—d) 


The expression under the radical is a quadratic in # in the form 
+#{ 16a%c?— [2(a?— 4c2d?+ 8a?(c?— d?)}} (5) 
— 4c2d?— 4ad(a?@—b?— — 


If 
pi=ath+ctd , g=—atbt+c+d , 
a—b+c+d, 6) 
ps=a—b—c+d, qs= atb—c+d, 
pa=a—b+c—d, ga= atb+c—d, 
(5) becomes 
—t( p1psq2qs) 91929394) + (7) 
which factors into 
(— pops) - 
Then equation (3) becomes 
T*(#psqst pags) — 8actT +P p192— poqi=0 (8) 
and 
pipsl?+qigs) pops) 9) 


tl 
Considering the coérdinates of the point P, 


y=tan6, - x=tané, - x—tan@, -d 
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Then 
dtan6¢ dtan@,tan0, 


+= , 
tan@.—tan@; tan@.—tané@,; 


Making the substitution of (A) and expressing the equation of the curve in 
homogeneous coérdinates, 


x=dT(1—-f), y=2dtT, (B) 


To determine the order of the curve represented by (B), substitute the values 
for x, y and z in the equation of a straight line, Ax+By+Cz=0. Then 


T?(Ct) + (10) 


The intersections of the line with the curve are found by solving equations 
(10) and (8) simultaneously. The eliminant of these equations is 
{ Pipsqags [4B%d?— 2(Ad+C)?] 
+C*(pige+ psqs)?} {4Bd(Ad+C) (pipsq2qs— pipsq2gat 
+ 16acdBC(p19¢2— psqs) { (p1P49294— P2psqigs) 
—2(Ad+C)?]+8acC(Ad+C) (pige+ poqi— pags) +2C*( pspagage 
— + (Ad+C)*(pipsgeqs— popagigs) — 640°2C?} 
popsqigst — 16acdC B( poqit pags) 
+ { — 2(Ad+C)*] popagigs 
+C*(pogi — pags)? —8acC(Ad+C) (pogit pags) 
—4Bdpopaqigs( Ad+C)t— popaqiqa(Ad+C)?=0 


(11) 


Since this equation has at most eight solutions the straight line meets the 
curve in not more than eight points. Hence in general the curve is of order 
eight. 

The problem for solution is to determine all of the cases in which the de- 
ficiency or order of the curve reduces. In order that the radical reduce from the 
fourth to the second degree, and consequently that the deficiency of the curve 
become zero instead of one, it is evident from equation (9) that one or more 
of the p’s or q’s must equal zero. Considered geometrically the q’s and p: 
cannot equal zero. Hence the three cases of interest are those in which ps, 
ps, and p, may equal zero. If p2 or py equals zero the last two terms of equa- 
tion (11) vanish, and when p;=0 the first two vanish. Hence in each case the 
curve reduces from order eight to order six. When two of the #’s are simul- 
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taneously equal to zero, the curve further reduces. Place p2=0 and p;=0. 
Then a=c and b=d, and equation (11) becomes 


A(a+b)(Aa— 


in 
+ 2(2a?B?—a?A?+ A*b?+2AbC — 2Bb*)? 

3) +4B(a—b)(Aa+Ab+C)i+ A(a—b)(Aa+Ab+2C)=0. 

25 From this eliminant it is evident that z=0, which indicates that the line at 
infinity is part of the curve. The residual curve is an ellipse with foci A and D 
to which reference has already been made. In case p2 and p, equal zero or 

)) ps and p, equal zero, the two pairs of adjacent sides of the quadrilateral are 
equal. Then the centrode is a curve of order four. It may be of interest to form 

s the equation of the curve under these conditions. 


If AB=BC=a, CD=DA=b and CD, DA are in any position, let AB, 
BC, AB’, B’C be the two possible positions of the other sides. If BB’ and AC 
meet in E put AE=EC=p, BE=EB' =q, B’D=t. Extend AB’ to meet CD 
in F and let B’F =r and FD=u; then 


b?= (t+ q)?+ a=p+¢ b?— a? =t(t+2q¢) 4 
r=—-, u=—-, and yx?+y?=a+—, , 
2 g? 
or 
Then the centrode is the Cartesian 


(a2— b?)(x?+ (a? — b*) — 4a%bx + 407b?|(a?— b?y?]=0 


b., 
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QUESTIONS AND DISCUSSIONS 


EpITED By TOMLINSON Fort, Hunter College, Park Ave. and 68th St., New York, N.Y. and 
H. E. Bucuanan, Tulane University, New Orleans, La. 


The department of Questions and Discussions in the Monthly is open to all forms of activity 
in collegiate mathematics, including the teaching of mathematics, except for specific problems, especially 
new problems, which are reserved for the separate department of Problems and Solutions. 


DISCUSSIONS 
I. A CRITERION THAT A CuBIC EQUATION HAS AN INTEGRAL Root 
By H. S. VANDIVER, University of Texas. 


If the quadratic equation x*+bx+c=0, where a and db are rational integers, 
has a rational integer as a root, then it is obviously necessary and sufficient 
that the discriminant b?—4c is a perfect square. The object of the present 
note is to derive an analogon of this result for a cubic equation. The analogy 
is more apparent if the result is stated in terms of the theory of algebraic 
numbers as here given. However, as I intend to make the discussion as ele- 
mentary in character as possible, I have avoided the use of anything belonging 
to said theory except the definitions of quadratic numbers and quadratic 
integers. 

If x, p, and q are rational integers and 


px+q=0, (1) 


assume that x=y+z and yz=—p/3. Then from well known relations 


where R=q?/4+p*/27, whence y—s=2/R/x?+p/3, and, using y+z=x, we 
have y=x/2+3-+/R/3x?+ . From this, since x is an integer it follows that 


_ 


(2) 


where m, n, and k are integers, that is, y is a number belonging to the algebraic 


field, defined by /—34, (if —3A is a perfect square the field is the rational 
field, where A is the discriminant of (1)). Now also y3=(—qg/2)++W/R, whence 


—279+3/ 


27y°= 
2 


(3) 


We shall now show that 3y is an integer in the field defined by ¥—3A. The 
value of (3y) in (2) satisfies an equation of the form 


aw*+ Bwt+y=0. 


= | 
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An equation having as roots the cubes of the roots of this equation is 


by (3), (3y)* is an integer in the field V—34, so that the coefficients of the 
last equation are all rational integers. Let 8/a be reduced to its lowest terms 
and suppose then B/a=8,/a;, where @; is prime to a;. Now if y*/a® is an 
integer it follows that y=a/, ¢ an integer. Hence from the other coefficient 
we have 63—38,a3t=0 (mod a’) and since is prime to 6;=3a; (mod aj) 
=0(mod aj), 8:=0(mod ai), whence a1=1, and Bis divisible by a, which proves 
that 3y is an integer in the field. We may then state the result: The necessary 
and sufficient condition that (1) has a rational integral root where p and q are 
rational integers, is that 


—279+3\/—3A 
2 


is the cube of an integer in the algebraic field defined by y —3A, where A is the 
discriminant of (1). 


II. At-Birtnt’s METHOD OF APPROXIMATION OF CHORD 40°. 


By Dr. Cart Scnoy, University of Frankfort a.M. 


In his Qéntim Mas‘fdi, written about 1000 A. D., al-Birfini' gives a method 
for finding the approximate value of chord 40°, or sy (the side of a regular 
nonagon inscribed in a circle of unit radius). He proceeds from the known 
approximations 

$i2=chord 30° =0? 31’ 3” 29’” 

$30= chord 12° =0? 12’ 32” 37'” 17% 46¥, 
where 1? represents the radius. He also makes use of a known rule for finding 
chord $a and chord }a when chord a is known, and the rule for chord (a+). 

By these means he finds that 

chord (30°+12°)=chord 42° 
15, 
and that 
chord } - 42° =chord 10°30’ 
Then 
chord (30°+10°30’) =chord 40°30’ 
Proceeding as before, 
- 40°30’ = 10°7'30", 


1 Mohamed ibn Ahmed, Abd’! Rithan, al-Birdni (or Bérant). 


3 3 3 

a’ a? a’ 
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and 
chord } - 40°30’=chord 10°7’30” 
whence 
chord (30°+10°7'30’’) =chord 40°7'30”’ 
Repeating the process, 


chord } - 40°7/30’’=chord 
whence 
chord =chord 40°1'52'’30’ 
=0°41’ (with an error in the MS). 
Then 
and 
chord } - 40°1'52’’30’’=chord 
and 
chord =chord 
=(0?41’ (with an error in the MS). 
Then 
2 = 
chord 
and 


chord = 
chord 10°0’1” . . 
chord . . 
chord 40°0'0’'26’"" . . 
40°0'0"26'" . . 


This last value approximates the value of chord 40° =59, which we know 
from the method of cubic equations to be 
Or 41’ 2” 32’” 
The slight difference between the values shows the high degree of the 
approximation.! 


1 Translated by Professor David Eugene Smith. The method will later appear in Dr. Schoy’s 
forthcoming work, Die trigonometrische Lehren des al-Birfint, Hannover, Heinz Lafaire. 
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III. AN ILLUSTRATION OF THE USEFULNESS OF THE METHOD 
OF ISOLATION IN STATICS 


By Hymen Driamonp, Student, Harvard University 


A marked tendency in analytical mechanics is the el’ mination of internal 
reactions. However, there is in statics a method which, although it brings 
in internal forces, has the distinct advantage of being elementary in character, 
and it sometimes leads in a most simple way to the desired results. This is 
the method of isolation, or of the “freezing” of parts. The following problem 
furnishes a striking illustration of the efficacy of this method. In this case the 
method of isolation yields an expression, which gives the radius of curvature 
in terms of the known constants of the system. For other problems of the 
same general nature the radius of curvature may be found in terms of the 
constants and the codrdinates. Incidentally the problem itself will doubtless 
be welcome in courses in mechanics as a companion to the old standbys, the 
freely hanging chain, and the suspension bridge cable, particularly because 
of the elementary character of the results. 

A hole is punched in the center line, slightly below the top of each sheet 
of a ream of theme paper, and the paper is suspended from a weightless string 
passing through this hole. The string is smooth; more precisely, its contact 
with the paper is kept frictionless by some device. For example, the paper 
might be suspended in a freight car in motion, the vibration of which would 
jar the sheets slightly and thus eliminate any friction between the paper and 
the string, and between the sheets themselves. The paper is also constrained 
to remain in a vertical position by two vertical plates, one at each end of the 
system. Between these plates however, the sheets are free to move vertically 
without friction. 

Now, since the paper is thin, the string will hang in a polygon having a 
large number of small sides, and as the thickness of the sheets is decreased the 
polygon approaches a smooth curve. Let us pass to the limit, decreasing the 
thickness indefinitely, and consider the string as hanging in a smooth curve. 
It is the form of this curve which we wish to find. 

Let us isolate the system consisting of an arc PP’ of the string. (Fig. 1.) 
The forces acting on this system are: 

(a) S, the force due to the paper; 

(6) T and T’, the tensions in the string at P and P’. 

Since the string is smooth, 


T= T'= To 


Further, it will be convenient to introduce, instead of S, a quantity R 
such that 
S=RaAs , 


98 QUESTIONS AND DISCUSSIONS [Feb., 


where As is the arc PP’. Here R may be thought of as the mean specific 
force for the arc PP’. 

Finally, let Ag be the increment in the angle, y, which the normal to the 
string at a point P makes with the normal to the string at some initial point, 
e. g., the lowest point of the string; and let ¢ be the angle which S makes with 
the normal at P. 

We are now ready to resolve the forces in the direction of the normal to 
the string at P. 


RAs cose= sin Ag ; 


Tosin Ag r sinAg Ag 1 


R= 


0 
Ascose Ag As cose 


$ 
A 
P P 
<——_ Q' 
Sx 
Fic. 1 Fic. 2 
Hence, 
= sinAg Ag 1 
lim R=lim T), —— - — (1) 
Ag=o Ag As cose 
Now, 
lim cose=1 , lim ——-=1, lim —-=—, 
Ag+o Ay+o Ag Ay+o AS p 


where p is the radius of curvature. Hence, 


To 
lim R=R=—. 
p 


We now proceed to isolate a second system consisting of the paper in a 
section PP’, and to find R in terms of the forces acting on this system. (Fig. 2.) 
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The forces acting on the system are, 

(a) S, the reaction of the string, 

(b) goAx, the weight of the paper, which is distributed uniformly along 
the horizontal, and which has a mass, o, per unit length. 

(c) Q and Q’, the forces exerted by the paper outside of the system PP’, 
which are normal to the paper in the system PP’, and so along the horizontal. 

Let 7 be the angle which S makes with the vertical direction. Resolving 
along the vertical, we have: 


S cos =goAx , 
or 
R cos r=go , lim R—- cos r=ge. 
Ax Azx=o Ax 
We have already seen that the limit which R approaches is R, and 
lim —-=—= secr, lim cos r=CcOs fT. 
Az+o Ax dx Az+o 
Hence, R=ge. 


But it has been shown above that R=T>/p. Hence, To/p=go, p=To/ge, 
and since Jo, g, and o are constant, the curve is a circle of radius To/ge. 


RECENT PUBLICATIONS 


Epitep By W. B. Carver, Cornell University, to whom books and communications should be sent. 


REVIEWS. 


Altdgyptische Zeitmessung. By Lupwic Borcuarpt. Band I, Lieferung B, 
of “Die Geschichte der Zeitmessung und der Uhren.” Berlin and Leipzig, 
Walter de Gruyter & Co., 1920. 70 pages, 18 plates + 25 other illustrations. 
Price 10 gold marks. 

It is not merely an idle curiosity that perennially leads men to study the 
various systems of chronology that have been devised and the plans for measur- 
ing time to meet their practical needs. No scientific problem that people 
of all degrees of intelligence encounter has given more trouble than that of 
finding a simple method of arranging a calendar and of recording with a suf- 
ficiently high degree of accuracy the passing of the hours and days,—the years 
and the centuries. The entire question is complicated by the fact that it natur- 
ally fell to the priestly caste to regulate the early calendars, its members being 
the only ones possessed of sufficient learning to carry on such scientific labors. 
The result, however, has been to bind the calendar so closely to the various 
types of religion that any suggestion of reform is looked upon by uneducated 
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people as an attack upon their creeds, and their churches. Thus while we have 
a very awkward calendar in general use today, and while a much better one could 
easily be devised, the world is still compelled, or compels itself, to endure what 
it has rather than to adopt a perfectly simple plan that would save much trouble 
and expense. 

It is for such reasons that a standard and authoritative study like that which 
this series gives to us is of particular value in a century which will probably 
see a reform even more far-reaching than that which the Church of Rome 
suggested in 1582. 

As to the Egyptian system of time measure, Dr. Borchardt is the world’s 
best authority. He has kept pace with recent discoveries and his monographs 
and other works upon the subject are well known. He is open-minded upon 
the general problem, and frankly states that the data thus far available are 
not sufficient to allow for a definitive history of the chronology of the peoples 
of the Nile valley. He has been able, however, to give us a fairly satisfactory 
statement relating to the calendar, but without adding materially, in this 
feature, to what was already known. His essential contributions to the sub- 
ject appear in the part devoted to “Die altaigyptischen Zeitmesser.” This 
contains a description of most, if not all, of the important specimens of water 
clocks, sun dials, and stellar clocks thus far discovered. The most interesting 
feature of this part of the work consists in the conjectural restoration of the 
instruments and in the mathematical study of their accuracy. It appears that 
the oldest known specimen of that form of clepsydra in which the time is as- 
certained by the lowering of the surface of the water dates from c. 1400 B. C. 
It is in the form of an inverted frustum of a cone and was found at Karnak in 
1904. The scales on which the hours were read changed with the months, 
thus allowing for the variation in their length. To show the difficulty of the 
investigation it may be mentioned that the next specimen of this type, in point 
of age, dates from the Alexandrian period, more than a thousand years later. 
The author gives photographic illustrations of several other specimens, with 
scale drawings of the interiors. He also lists all known specimens and gives a 
photographic copy of that part of the well-known Oxyrhynchus Papyrus, 
with his own restoration, describing the method of construction of this type 
of clock and showing the incorrect rule then in use for the volume of a frustum 
of a cone, viz., V=3h[3(R+r) |?. 

The unusual type in which water flowed into instead of out of the vessel 
is also described, a specimen dating from c. 100 A. D. having been found at 
Edfu in 1901. 

The oldest actual sundial to be found dates from c. 1500 B. C. and is il- 
lustrated photographically in this work. The possible explanation of the use 
of the early types is given in the Tanis Papyrus already known through the 
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study made by Griffith and Flinders Petrie, and this is also illustrated in the 
text. Other specimens of dials of later date are also shown and described, 
as is also the stellar clock. 

An important feature of the work is a tabular summary of the types of 
dials, their dates, and the sources of information, thus giving in synoptic form 
the story of the progress of hour reckoning among the Egyptians from very 
early times to the period of the Roman conquest. 

The book is admirably printed and illustrated and serves as a fitting cul- 
mination to the author’s extended researches and monographs upon this im- 
portant branch of human knowledge. 

Davip EUGENE SMITH. 


Plane Trigonometry with Tables, 3rd edition. By C. I. PALMER and C. W. 
LeicH. New York, The McGraw-Hill Book Company, 1925. xIv+221 
+136 pages. Price $2.50. 


The first edition of this text appeared in 1914, and was reviewed in the 
Montu_y for April, 1915, by Professor C. F. Craig. In the third edition 
certain parts have been revised and rearranged, and much new material added, 
including new problems, a more complete development of the fundamental 
operations with complex numbers, new work on series, and a chapter on 
spherical trigonometry. The contents are so arranged that they may be 
adapted for either a short course covering only the essentials, or a longer one 
involving line values, graphs of inverse functions, complex numbers, De 
Moivre’s theorem, computation of functions, theory of logarithms, hyperbolic 
functions, and spherical trigonometry. 

It may be of interest to note some of the places where the authors wander 
from the conventional path. Unlike the previous reviewer, the present writer 
commends the practice of defining the trigonometric functions, first for the 
general angle, and then specializing for the acute angle. The latter definitions 
are used in deducing the addition formulas for (A +B) <90°, the extension of 
these being obtained by analytical methods. In transforming one expression 
involving trigonometric functions to another, the authors write the word “to” 
between the expressions instead of the usual sign of equality which to many 
students suggests cross multiplying or transposing. 

Among the commendable features of the book is the early introduction 
and constant use of inverse functions. The problems are abundant and in- 
teresting, having been brought up to date by making use of the aeroplane, 
automobile, and the motorist who true to life, has a “tendency to cut the 
corners.” Mention should be made of the excellent historical notes, and the 
very interesting explanations of the applications of some of the theory. 
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Considering the many admirable qualities of the book, one wonders what 
led the authors in this new edition to add after certain results and formulas 
the questionable advice “This should be carefully memorized.” 

In general it may be said that the text seems scholarly and usable, rich in 
material for the classroom and for reference. 

L. P. COPELAND. 


Mathematics of Life Insurance. By L. WAYLAND Dow Inc. New York, Mc- 

Graw-Hill Book Co., 1925. x+121 pages. Price $1.75. 

This book is intended primarily as a first course for those young men 
and women who wish to become trained actuaries or as a final course for 
other students who desire an elementary knowledge of the fundamental 
principles underlying life insurance. 

It is well designed as to scope and the execution is on the whole admirable, 
the explanations being notable for lucidity. This makes it all the more re- 
grettable that it at the same time presents a few rather serious defects. These 
will be mentioned in the order in which they appear in the book rather than in 
order of importance. 

The subject of probability is taken up from the a priori or subjective 
standpoint and while the author has some good company in this respect it 
has always seemed to the present writer a peculiarly inappropriate method of 
presentation as an introduction to life insurance where the probabilities are 
based upon experience. 

In Article 21 it is said, with respect to the “life curve” which is a graphic 
representation of the “number living” column of the life table, that it should 
be regarded as “the lower limit of a fluctuating curve representing actual mort- 
ality.” I suppose the author has in mind the fact that, due to the improvement 
in mortality rates during the past half century the mortality tables in general 
use have come to.represent a considerably higher rate of mortality than the 
average experience of recent years. That is, however, an accidental condition 
and even then does not justify the statement quoted. If the mortality table 
represents the actual experience its “life curve” corresponds to the mean 
position of the fluctuating curve rather than a lower limit. 

Probably the gravest defect is however the use of the official international 
symbol for the annual premium for an endowment insurance as the symbol 
for the annual premium for a term insurance. This requires the invention of 
a new and inconvenient symbol for the former when it is needed. The accepted 
notation provides symbols for both these functions and no new ones were 
necessary. 

It only remains to point out that on page 109 there is a clerical error ap- 
parently due to some confusion between mean algebraic deviation and mean 
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absolute deviation. The integral there given is the proper one for the former, 
which is equal to zero, but it is equated to the expression for the latter. 
ROBERT HENDERSON. 


ARTICLES IN CURRENT PERIODICALS. 


The lists appearing regularly in the Monthly of articles in current periodicals are intended 
to include (1) titles of papers in all mathematical journals published in the United States; (2) titles of 
mathematical papers and reports published by the national and state academies of science and in journ- 
als devoted to general science; (3) titles of mathematical papers by American authors published in 
foreign journals. 


American Journal of Mathematics, volume 47, no. 4, October 1925: “Third Paper on Tensor 
Analysis” by G. Y. Rainich, 225-248; “On Certain Symmetric Sums of Determinants” by L. L. Dines, 
249-256; “A Direct Solution of Systems of Linear Differential Equations having Constant Coefficients” 
by J. A. Nyswander, 257-276; “On Generalizations of the Bernoulli Functions and Numbers” by E. T. 
Bell, 277-288; ‘The Construction of Certain Periodic Orbits of the Three Body Problem” by H. E. 
Buchanan, 289-301. 


Education, volume 46, no. 3, November 1925: ‘“‘A Plea for Arithmetic’? by C. H. Cordell, 170-178. 


Journal of the Franklin Institute, volume 200, no. 5, November 1925: ‘“‘A Mathematical Theory of 
the Drying of Wood” by Fordyce Tuttle, 609-614. 


The Messenger of Mathematics, volume 55, no. 3, July 1925: ““A new method for calculating the 
Bernoulli numbers” by F. J. Feinler, 40-43. , 


Proceedings of the National Academy of Sciences, volume 11, no. 10, October 1925: ‘“‘Announce- 
ment of a Projective Theory of Affinely Connected Manifolds” by T. Y. Thomas, 588-589; “Trans- 
formations of Einstein Spaces” by H. P. Robertson, 590-591; “On the Equi-Projective Geometry of 
Paths” by T. Y. Thomas, 592-594. Volume 11, no. 11, November 1925: ‘“‘Postulates for Reversible 
Order on a Closed Line (Separation of Point Pairs)” by E. V. Huntington, 687-688. 


School Science and Mathematics, volume 25, no. 8, whole no. 217, November 1925: ‘‘An Investiga- 
tion in the Teaching of the Skills of Ninth Grade Algebra” by Raleigh Schorling and Selma A. Lindell, 
813-816; “A Study of Mathematical Abilities, Powers and Skills as Shown by Certain Classes in Physical 
Science” by V. C. Lohr, 834-843 


PROBLEMS AND SOLUTIONS 


EpiTep By B. F. FINKEL, Orro DUNKEL, AND H. L. OLson. 


Send all communications about Problems and Solutions to B. F. Finkel, Springfield, Mo. All 
manuscripts should be typewritten, with double spacing and with a margin at least one inch wide on the 


left. 
PROBLEMS FOR SOLUTION. 


N.B. Problems containing results believed to be new, or extensions of old results are especially 
sought. The editorial work would be greatly facilitated if, on sending in problems, proposers would 
also enclose any solutions or information that will assist the editors in checking the statements. In 
general, problems in well-known textbooks, or results found in readily accessible sources, will not be 
Proposed as problems for solution in the Montuty. In so far as possible, however, the editors will be 
glad to assist members of the Association with their difficulties in the solution of such problems. 
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3164. Proposed by R. H. Sciobereti, University of California. 
Study qualitatively the variations of the function 


y = 2xe"/2) 4.433 1527 +182, 


(the numerical values of the extrema are not required) 
Find a polynomial F(x) such that the difference y— F(x) approaches zero when x becomes infinite. 


3165. Proposed by Samuel Beatty, University of Toronto. 


Prove that the upper and lower Jordan measure of a set S is the Lebesgue measure of M (S, S 3 
D {s, C (cs)’} , respectively, where C(T) denotes the complement of T. 


3166. Proposed by A. A. Bennett, Lehigh University. 


Given an isosceles triangle ABC, in which AC=BC, and a circle with center at C. Find a point, P, 
on the circle such that the tangent to the circle at P bisects the angle APB. 


3167. Proposed, by H. Betz, University of Missouri. 

Consider a particle moving in a straight line in the plane of an ellipse and inside the ellipse in sucha 
manner that whenever it strikes the boundary of the ellipse it is “reflected” just as a ray of light would 
be, striking a mirror. The particle will, therefore, travel indefinitely often back and forth across the 
ellipse. 

Let its path be referred to as its orbit. Now if, initially, the orbit passes through one focus of the 
ellipse, it will, in accordance with an elementary property of the ellipse, pass through the other focus 
also, and so on, indefinitely. Show that the orbit will converge, in the limit, to the major axis of the 
ellipse. 


3168. Proposed by H. T. Davis, Indiana University. 
Making the abbreviation 


a d2 a3 an 
1 a a2 
0 0 0 a 
prove the following: 
(b) The Bernoulli numbers, B,, are given by the determinant 
1 
B, =(2n)! Dy — — — 5 °°* - 
& 314! 
(c) If Dj denotes D;(a;, a2, . . ., as), (i=1, 2,..., m), then we have 


D,(—D;, De, —Ds, . (—1)"Dn) =(—1)"an. 


3169. Proposed by C. C. Camp, University of Illinois. 

Two parallel vertical walls stand upon horizontal ground. A ladder of length a has its foot at the 
bottom of the first wall and leans against the second. A ladder of length b has its foot at the bottom 
of the second wall and leans against the first. What must be the distance between the walls so that the 
ladders will cross at a height 4? When is a solution possible? 


3170. Proposed by R. H. Sciobereti, University of California. 


Given the base BC of a spherical triangle in position and magnitude and given the magnitude of the 
angle A which is opposite to BC, find the locus of A. 
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3171. Proposed by Philip Fitch, Denver, Colorado. 

A right circular cylinder with a diameter d is composed of wood and metal. The wooden part is / cm 
long and has a density s. The metal part is /’ cm long and has a density s’. If it is allowed to float in 
still water, what angle will the axis of the cylinder make with the surface of the water? 

3172. Proposed by J. B. Reynolds, Lehigh University. 

A linkage consisting of four equal uniform rods each of length 2a and weight w, loosely jointed in 
the form of a rhombus in a vertical plane, carries a weight P at the lowest vertex and is supported by the 
two upper rods resting against a smooth horizontal circular cylinder of radius r; find the time of a small 
vibration of the system in the vertical plane. 

SOLUTIONS 
2688 [1918, 119]. Proposed by Frank Irwin, University of California. 


With four quantities, a, a2, a3, a4, we may, without changing their order, form the following com- 
plex fractions: 


a a aq a a 

dy a, ay 

a3 a3 a3 a; a 

04 % % % % 
But these have not all different values; the first and fourth are equal. Determine how many different 
rational functions of the quantities a1, a2, . . ., @, may be obtained in this way, and which can be rep- 


resented in more than one way as a complex fraction of the above kind, and which in only one way. 


SOLUTION BY THE PROPOSER 


Let S represent the simple fraction equal to the given complex fraction, N and D its numerator 
and denominator respectively; and the a; are to be thought of as arranged in N in the order of their 
subscripts, and so for D. 

Then N begins with a,, D with ag; this, if not self-evident, may be proved at once by mathematical 
induction from n—1 to m. No S then can be represented as one of our complex fractions unless it is of 
the form a; ..., 2SkSn. 

But it is further true that every such S can be so represented. For assume this last proposition to be 
true in the case n—1. Then each of the fractions a;/az2 . . . ag_; and the reciprocal of ag41.../ak... 
can be represented as complex fractions; and if we put the first of these complex fractions in the numer- 
ator, the other in the denominator of a fraction, we get a complex fraction equal to our given fraction, S. 

This enables us to determine at once the number of different S that may be represented as complex 
fractions. For starting with a,, in N, a2 in D, we may next place a; in either N or D, similarly for as, 
etc.; the number sought is then 2"-*. For instance, for »=5, S may have any of the following 8=2° 
values (wherein I have indicated the a; by their subscripts, 7, merely); 1/2345, 15/234, 145/23, 14/235, 
1345/2, 134/25, 135/24, 13/245. 

Next the a, say a;, that comes immediately below the main cross-stroke (so I call the longest line 
that divides the complex fraction into a numerator and a denominator, themselves in general complex 
fractions) will, by the first proposition stated above, be in D, while a;,; will be in N. It follows that 
given S, for instance 1467/23589, we may place the main cross-stroke just above the last of any of suc- 
cessive numbers (subscripts) in D (in the example, just above 3 or 5 or 9), nowhere else. The answer to 
our second question is, then, that any S that contains in D more than a single group of successive sub- 
scripts can be represented in two ways (at least) as a complex fraction, and no other S can. For instance, 
1346/25 is equal to each of the three complex fractions: 


a 
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2706 [1918, 216]. Proposed by H. F. MacNeish, New York City. 

Through a given point draw a straight line cutting a given straight line and a given circle, such that 
the part of the line between the given point and the given line may be equal to the part within the given 
circle. 


Discussion BY A. A. BENNETT, Lehigh University 


This problem does not come under the most familiar cases, and in fact no Euclidean construction 
is possible. Analytic methods are of course required to establish this latter statement. Let the circle be 
taken as x*+-y*=1, the fixed point, P, as (a, b), the fixed line, L, as x =q+-2c, and let y=mx+(b—ma) be 
a variable line through P. The chord of this variable line intercepted by the circle will have as the square 
of its length, 4 {1—[(6—ma)*/ (m?+-1)}} . The square of the length of the segment along the variable 
line from P to its intersection with L is 4c?(m*+1). Equating these, we obtain the following quartic 
equation for m, 

1) =0. 
This has as resolvent cubic, the following: 
— 1) 1) +4(2c?+a?— 1) (2 1) — =0. 
Writing cu=2(v+c), we have 
a?+4- 1) +2cv(2— a?@— b*) + (1—a?— =0. 
A trial of possible rational divisors shows that this cubic is irreducible in the domain, R(a, 6, c), and 
therefore the proposed construction is impossib!e. 


Also solved by W. J. PATTERSON, and C. A. Rupp. 


3122 [1925, 138] Proposed by A. A. Bennett, Lehigh University. 


Let P(n)/Q(n) denote the fraction reduced to its lowest terms which represents the minimum value 
of o(m)/m, for 0<m<n, where ¢g(m) is the indicator or totient of m. Show that P(m) is of the form 
3° for every 10". 


SOLUTION BY CONSTANCE R. BALLANTINE, New York University. 


Since 
o(p*) = p*— 
¢(p*)/p*=(p—1)/p. 
Thus, if m , where the 9; are all distinct and no a;=0, 
o(m)/m= IT 
Hence, if m is restricted to values of the form ~:- po: p3..... pk, where the 9; are all distinct, we obtain 
the same range of values for ¢(m) /m as if we allow the p; to take on any positive (integral) exponents. 
Further, it is obvious that ¢(m) /m has a smaller value for m=2-3-5..... p, where all primes < p 


are included as factors, than for an m from which any of these factors are omitted, no others being added. 
Again, if the product of several primes pip2 . . .py be replaced in m by a single prime p greater than 
k 


at least one of them, the factor II(—1)/p will be replaced by the greater factor (p— 1) /p- Hence 
i=1 
¢(m) /m will have its smallest value for m<n if m is a product of consecutive primes, beginning with 2 
Now, if m,=2-3-5...... pr, 
Pips, 
where and are successive primes, 
e(m2) _ ¢(ms) 
me m, pr m, 


ction 
cle be 
1a) be 
quare 
riable 
lartic 


, and 


value 
form 


1926] NOTES AND NEWS 107 


Hence, if the value of m be restricted to numbers of the given form, ¢(m)/m is a monotonically de- 
creasing function, and its minimum value in the interval from 0 to m is attained for the largest such m 
in the interval. 

The numerator P(n) of this minimum reduced to its lowest terms will be of the form 22-3? so long 


as no factor except 2 and 3 is repeated in the product 2:4-6...... (p—1). The first repetition 
is that of 5 for p=31. Thus the limiting value of m for which P() is of the given form is 


NOTES AND NEWS 


Readers are invited to contribute to the general interest of this department by sending items 
to H. W. Kuhn, Ohio State University, Columbus, Ohio. 


Dr. H. A. Simmons has been appointed to an assistant professorship at 
Northwestern University. He was formerly at the University of Pittsburgh. 


Dr. V. G. GrovE has returned to the Michigan State College as associate 
professor, after spending a year at the University of Chicago. 


Dr. Mary SINCLAIR is on leave of absence from Oberlin College for the year 
1925-26 and is studying in Italy. 


Miss Lestre GAYLORD, of Agnes Scott College, Decatur, Georgia, is absent 
on leave for the present year and is studying in Italy on appointment to a 
fellowship of the Italy-America Society. 


Dr. V. A. TAN has been appointed to a professorship of mathematics at the 
University of the Philippines. He received the doctorate at the University of 
Chicago in June, 1925, after a prolonged period of study in America. 


Dr. P. G. Ropinson who has spent several years in study at the University 
of Chicago, partly also in teaching in the University High School, has accepted 
an appointment as instructor in mathematics at Iowa State College, Ames, 
Iowa. 


Dr. D. L. Hott, formerly instructor at Ohio Wesleyan University, is now 
assistant professor of mathematics at Iowa State College, Ames, Iowa. 


Miss Ecuo D. PEPPER, who held a fellowship in mathematics for two years 
at the University of Chicago, is now studying in Paris. 

At Knox College, Galesburg, Illinois, Professor E. V. HuNntTINGTON of 
Harvard University recently gave a course of lectures on ‘The foundations of 
elementary mathematics.” 

At Brown University, Professor R. G. D. RICHARDSON has been appointed 


dean of the graduate school. Professor R. C. ARCHIBALD is on leave for the 
second semester. Associate Professor MARSTON Morse has been appointed 
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assistant professor at Harvard. Assistant Professor W. R. BuRWELL has 
resigned to go into business. Further appointments and promotions are as 
follows: to be assistant professors, R. E. LANGER of Dartmouth College, 
M. H. INGRAHAM of University of Wisconsin; to be instructors, J. H. SmmestEer 
of the Carnegie Institute of Technology, H. S. THursTon. 


The publication of the second Carus Monograph was delayed unavoidably 
but is now definitely promised for the tenth of April. Nearly a thousand 
members of the Association have subscribed for the first Monograph and any 
who have neglected to do so may still subscribe by sending the order directly 
to Secretary W. D. Cairns. The special rate is available for institutional as 
well as for individual members. 


The following reports of Summer Sessions to be held in 1926 have been 
received: 


Columbia University, July 6 to August 13. In addition to courses in Trigo- 
nometry, Solid geometry, College algebra, Analytic geometry, and Calculus, 
and a series of courses for teachers of secondary mathematics, the following 
advanced courses are offered: By Professor E. R. HEpRick: Theory of func- 
tions of a complex variable; Fundamental concepts of mathematics. By Pro- 
fessor W. B. Fite: Differential geometry. By Professor G. A. PFEIFFER: 
Calculus of variations. By Professor K. W. Lamson: Differential equations. 


Cornell University, July 5 to August 13. By Professor D. C. GILLESPIE: 
Analysis. By Professor Vircit SNyDER: Algebraic geometry. By Professor W. 
B. CarvER: Projective geometry. The following reading and research courses 
are also offered: By Professor C. F. Craic: Functions of a complex variable. 
By Professor SNyDER: Algebraic curves and surfaces. By Professor F. R. 
SHARPE: Hydrodynamics and elasticity. By Professors D. C. GILLEspPIe and 
W. A. Hurwitz: Analysis. By Professors W. B. CARVER and F. W. OWENs: 
Projective geometry. 


Johns Hopkins University, June 28 to August 6. In addition to courses in 
College algebra, Trigonometry, and Introductory calculus the following grad- 
uate course is offered: By Professor F. D. MurNAGHAN: Differential geometry, 
metric and non-metric, and Vector analysis. 


Oberlin College, June 16 to August 4. By Professor W. D. Carrns: Teachers 
course in mathematics; The mathematics of finance, especially for teachers. 


Ohio State University, first term, June 16 to July 24; second term, July 26 
to August 28. In addition to courses in trigonometry, analytic geometry, 
calculus and the teaching of secondary mathematics, the following advanced 
courses are announced: By Professor H. BLUMBERG: Point sets; Introduction 
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to modern mathematics; Reading and research in analysis. By Professor C. L. 
Arnotp: Advanced calculus; Advanced Euclidian geometry ; Seminary in math- 
ematics. By Professor R. L. W1LpEr: Differential equations; Fourier’s series; 
Reading and research in analysis situs. 


University of Chicago, first term, June 21 to July 28; second term, July 
29 to September 3. In addition to the usual courses in trigonometry, college 
algebra, plane analytical geometry and differential and integral calculus, the fol- 
lowing advanced courses are announced: By Professor L. E. Dickson: Galois 
theory of equations; Division algebra; Thesis work in algebra and the theory of 
numbers. By Professor H. E. Staucut: Differential equations; Ellipticintegrals. 
By Professor E. T. Bett: Mathematical theory of relativity; Applications of 
elliptic functions to the theory of numbers; Reading and research in algebra and 
the theory of numbers. By Professor DuNHAM JACKSON: The theory of approxi- 
mation by polynomials and trigonometric series; The mathematical theory of 
statistical correlation; Reading and research in analysis. By Professor A. C. 
Lunn: Development of optical theories; Vector analysis; Reading and research 
in applied mathematics. By Professor W. D. MACMILLAN: Analytic mechanics 
(dynamics); Theory of the potential. By Professor E. P. LANE: Synthetic 
projective geometry; Surfaces and congruences; Reading and research in ge- 
ometry. By Mr. BARNARD: Theory of functions of a complex variable. By 
Professor WILLIAMS: Theory of equations. By Professor SmitH: Solid analytic 
geometry. 


University of Illinois, June 21 to August 14. In addition to the usual courses 
in College algebra, Trigonometry, Analytic geometry, and Calculus, the follow- 
ing advanced courses are offered: By Professor G. A. MILLER: The theory of 
numbers. By Professor A. B. CoBLe: Algebraic geometry. By Professor A. R. 
CRATHORNE: Functions of a complex variable; and Mathematics of statistics. 
By Dr. C.C. Camp: Differential equations. By Dr. H. R. BRawana, Advanced 
algebra. By Dr. T. BENNETT: Advanced analytic geometry. 


University of Iowa, first term, June 14 to July 23. In addition to courses in 
Algebra, Trigonometry, Analytic geometry, and Calculus, the following courses 
are offered: By Professor C. C. WyL1E: Astronomy; Mathematics of finance. 
By Professor W. H. Witson: Subject matter and teaching of mathematics. 
By Professor R. P. BAKER: Ordinary differential equations; Advanced algebra. 
By Professor E. W. CHITTENDEN: Advanced calculus; Abstract sets. Second 
term, July 26 to August 27. By Professor RoscoE Woops: Constructive geome- 
try. By Professor J. F. Remtty: Differential equations; Fourier and periodo- 
gram analysis. 
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University of Michigan, June 21 to August 14. In addition to courses in 
Algebra, Plane and solid geometry, Trigonometry, Analytic geometry, Ele- 
mentary calculus, Mathematical statistics, and the Mathematical theory of 
interest and insurance, the following advanced courses are offered: By Professor 
W. B. Forp: Advanced calculus; Determinants and the theory of equations. 
By Professor L. C. KARPINSKI: Teaching of algebra; History of mathematics. 
By Professor J. W. BRADSHAW: The Figures of solid geometry. By Professor 
PETER FIELD: Vector analysis. By Professor T..R. RUNNING: Graphical 
methods. By Professor H. C. CARVER: Theory of probability; Finite differences; 
Advanced mathematical theory of statistics. By Professor C. J. Cor: Differen- 
tial equations. By Professor L. A. Hopkins: Differential equations. By Pro- 
fessor J. A. SHowAT: Analytic mechanics; Theory of the potential. By Mr. 
M. F. Jounson: Solid analytic geometry. 


University of Minnesota, first term, June 18 to July 31; second term, August 
2 to September 4. The department of mathematics will offer an intensive course 
entitled: Selected topics in advanced mathematics. The topics for 1926 are: 
First term: By Professor R. W. Brink: The mathematics of small vibrations. 
By Professor W. L. Hart: Limits and series. By Professor A. L. UNDERHILL: 
Differential equations. Second term: By Professor A. L. UNDERHILL (topic to 
be announced later). 


University of Oklahoma, June 7 to July 27. By Professor S. W. REAVEs: 
Advanced calculus. By Professor J. O. HAsstEr: Solid analytic geometry; 
Teachers’ course in Mathematics. By Professor E.D. MEAcHAM: Higher alge- 
bra. By Associate Professor N. ALTSHILLER-CourT: Modern Geometry. 
By Miss Dora McFaArLAnpD: Integral Calculus. By Miss FRANCES M. WRIGHT: 
Differential calculus. 


University of Pennsylvania, July 6 to August 14. In addition to the usual 
courses in Solid geometry, Trigonometry, College algebra, Analytic geometry, 
and Calculus, the following courses are offered: By Professor J. D. ESHLEMAN: 
Elementary statistics. By Professor G. H. Hattett: Advanced calculus. By 
Professor O. E. GLENN: Theory of invariants. 


University of Texas, first term, by Dean H. Y. BENEpict: Advanced cal- 
culus. By Professor E. L. Dopp: Functions of real variables; Probability. By 
Professor R. L. Moore: Theory of sets; Non-Euclidean geometry. By Associ- 
ate Professor H. J. ETTLINGER: Boundary value problems; Ruler and compass 
constructions. By Associate Professor H. S. VANDIVER: Modern analytic 
geometry; Calculus. By Associate Professor L. L. Smart: Infinite processes. 
By Associate Professor C. D. Rice: Advanced calculus. By Adjunct Professor 
P. M. BATCHELDER: Theory of equations. By Adjunct Professor Mary DEc- 
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HERD: Solid analytic geometry. Second Term. By Associate Professor H. J. 
ETTLINGER: Boundary value problems; Definite integrals. By Associate Pro- 
fessor C. D. Rice: Differential geometry; Advanced calculus. By adjunct 
Professor C. M. CLEVELAND: Calculus.- By Instructor R. G. LuBBEN: Calculus. 
By Lecturer E. W. CHITTENDEN (Iowa) Theory of sets; Professor CHITTENDEN’S 
second course is not yet determined. All freshman courses are given in both 
terms. 


University of Wisconsin, June 28 to August 6. By Professor E. B. SKINNER: 
Theory of algebraic numbers; Irrational numbers. Professor A. DRESDEN: 
Analytic projective geometry; Elliptic functions. Professor H. W. Marcu: 
Theory of probability; Fourier series and integrals. Professor W. W. Hart: 
Teaching of high school and junior high school mathematics; Teaching and 
supervision of Arithmetic. Mr. E. B. MILLER: Differential equations. Math- 
ematical reading and research will be directed by Professors DRESDEN, MARCH 
and SKINNER. 


Wyoming University, June 14 to July 21. By Professor H. C. Gossarp: 
College algebra; Modern analytic geometry; The content of secondary mathe- 
matics; Seminar for advanced students. By Miss GRETA NEUBAUER: Calculus. 
July 22 to August 27. By Professor REcHARD: Plane trigonometry; Finite 
groups; Non-Euclidean geometry; Differential geometry. 


St. Andrews University, Scotland, Aug. 3 to Aug. 13, a mathematical col- 
loquium at which the following courses of lectures will be given: By Professor 
G. D. Brrxuorr: The significance of dynamics for scientific thought. By 
Professor H. W. Ricumonp: Recent developments in algebraic geometry. 
By Professor S. BropETsKy: Recent developments in applied mathematics. 
By Professor G. A. Gipson: The history of mathematics in Scotland. By 
Professor H. W. TuRNBULL: An introduction to the invariant theory. By 
Professor E. T. WHITTAKER and others: Informal talks. 

: Members of the colloquium may get board and lodging at the University 
Hall at a cost of 5 pounds per person. Applications for membership (enclosing 
a registration fee of 5 shillings) should be made before July 1 to Professor W. 
SADDLER, The University, St. Andrews, Fifeshire. 
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LIFE MEMBERSHIP IN THE MATHEMATICAL ASSOCIATION 


This statement which was first published on page 281 of the Monruty for 
September, 1923, is here repeated for the convenience of new members. In 
accordance with the action of the Association at its Rochester meeting, Septem- 
ber, 1922, members may obtain life membership in the Association by the pay- 
ment, at the first of any calendar year, of an amount indicated in the accom- 
panying table. In estimating one’s age the birthday anniversary nearest to the 
first of January when payment is made should be taken. 


Age Fee Age Fee Age Fee 
$77.84 $65.21 $43.54 
74.93 59.61 35.96 
74.38 58.59 34.69 
tic as 73.81 57.55 33.44 
73.22 56.48 32.20 
70.63 52.01 27.35 
69.20 49.66 25.04 
67.68 47.25 22.82 
66.05 44.78 20.72 


W. D. Carrns, Secretary-Treasurer. 


| 
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Plane Curves of the Third Order 


By HENRY SEELEY WHITE 


Professor of Mathematics in Vassar College 


This book is intended as an introduction to the rich and 
attractive field of higher plane curves by means of the 
cubics, so that it will serve as a stepping-stone to many 
extensive and beautiful treatises on special themes, and 
a stimulus to further exploration. It is the first book to 
cover this field and will thus find a place wherever there 
is an interest in geometry which goes beyond the 
elements. 


31 Diagrams 180 pages $2.75 postpaid 


HARVARD UNIVERSITY PRESS 
49 Randall Hall, Cambridge, Mass. 


The University of Wisconsin 


Summer Session—June 28 to August 6 
Fee, $22 for All Courses (Except Law $35) 


Full program of courses in undergraduate and graduate mathematics. Special 
attention given to courses in the teaching of mathematics. Fine library and equip- 
ment for the use of students wishing to work for higher degrees. 


RESEARCH FACILITIES LAKESIDE ADVANTAGES 
For Complete Information Address 
Director Summer Session, Madison, Wisconsin 


ANALYTIC GEOMETRY—TRIGONOMETRY 


Textbooks by Edwin S. Crawley and Henry B. Evans, Professors of 
Mathematics in the University of Pennsylvania 


Analytic Geometry, CRAWLEY and Evans. xiv + 239 pages. 
Trigonometry, CRAWLEY and Evans. vi-+ 187 pages. 
Tables of Logarithms, CRAwLEY. xxxii + 79 pages. 
CRAWLEY and Evans Trigonometry, and CrawLey’s Tables in one volume. 
Short Course in Trigonometry, CRAWLEY. 121 pages. 
The same with Crawley’s Tables in one volume. 
One Thousand Exercises in Trigonometry, CRAWLEY. vi-+ 70 pages. 
For descriptive circular and price-list, address 
EDWIN S. CRAWLEY, University of Pennsylvania, Philadelphia, Pa. 


CONTENTS 


(Facing page 57) Picture of RoBERT ADRAIN. 

The Mathematical Association of America. By W. D. Carirns 

Meeting of the Southern California Section. By P. H. Daus 

The Spring Meeting of the Kentucky Section. By A. R. FEHN 

Robert Adrain, and the Beginnings of American Mathematics. 
CooLiIpDGE 

Formulas for the Error in Simpson’s Rule. By J. B. SCARBOROUGH 

Definitions and Postulates for Relativity. By H. P. MANNING 

Determination of the Reducible Cases of the Fixed Centrode of Three-bar 
Motion. By Emma W. McDonaLp 

QvuEsTIONS AND Discussions: Discussions—‘‘A criterion that a cubic 
equation has an integral root,”’ by H. S. VANDIVER; ‘“‘Al-Birdini’s method 
of approximation of chord 40°,” by Cart Scuoy; ‘An illustration of 
the usefulness of the method of isolation in statics” by HymMEN DIAMOND 

RECENT PUBLICATIONS: Reviews by D. E. Smitu, L. P. CopEeLanp, R. 
HENDERSON. Articles in Current Periodicals 

PROBLEMS AND SOLUTIONS: Problems for solution—3164-3172. Solutions— 
2688, 2706, 3122 

NOTES AND NEWS 

LirE MEMBERSHIP IN THE MATHEMATICAL 


By J. L. 


DIRECTORY 


EDITORIAL CORRESPONDENCE should be addressed to the Epiror-1n-Ca 7 
W. B. Forp, 204 Mason Hall, Ann Arbor, Mich. P 


BOOKS FOR REVIEW should be sent to W. B. Carver, White Hall, Ithaca, N, 
BUSINESS CORRESPONDENCE should be addressed to the SECRETARY-TREAS 
of the Association, W. D. Catrns, Oberlin, Ohio. 
MEETINGS OF THE ASSOCIATION AND ITS SECTIONS 
Tenth Summer Meeting of the Association, Columbus, Ohio, September 7-8, 1926. 
Eleventh Annual Meeting, Philadelphia, Pa., December, 1926. 


The following are dates of Section Meetings of the Association in 1926: 
Decatur, Ill., May 7-8. Missour!, Kansas City, Mo., November. 


INDIANA, Purdue University, May, 7-8. 
Iowa, Cedar Rapids, April. Onto, Columbus, Ohio, April 2. 
K B M 

May Rocxy Fort Collins, Colo., 


LourstANA-MississippP1, New Orleans, La., 16-17. 
March 12-13. 


NEBRASKA, Bethany, Neb., May. 


MARYLAND- DistRicT OF COLUMBIA - VIR- 
GINIA, Baltimore, Md., May 8 


MicuHicaNn, Ann Arbor, Mich., April 1. 
Minnesota, Northfield, Minn., May 7-8. 


SOUTHEASTERN, Atlanta, Ga., March 


SOUTHERN CALIForNIA, Los Angeles, 
November 6. 


Texas, Not yet determined. 


Secretaries of Sections will please report changes or corrections promptly to the Editor) 
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THE MATHEMATICAL ASSOCIATION 


The following twenty persons and one institution have been elected to 


membership in the Association: 


To Individual Membership 


O. E. Brown, M.S. (Iowa). Instr., Northwestern 
Univ., Evanston, 

J. A. Cartson, B. S. in Math. (Washington). 
Instr. in Sc., High School, Davenport, Wash. 

L. R. Case, instr., Rogers High School, Newport, 
a. 

TerEsA COHEN, Ph.D. (Johns Hopkins). Asst. 
Prof., Penna. State Coll., State College, Pa. 

D. D. Driver, A.B. (Hesston). Instr., Hesston 
Coll., Hesston, Kans. 

Beatrice A. FENNER, A.M. (Stanford). Reg. and 
Teacher, High School, Martinez, Calif. 
C. H. Hate, A.B. (Tex. Chr. Univ.). Asso. Prof., 
Tarleton Agric. Coll., Stephenville, Tex. 
FRANCES HARSHBARGER, A. M.(West Virginia). 
Instr., Potomac State School, Keyser, W. Va. 

Ina E. Hotroyp, B.S. (Kans. State Agric. Coll.; 
Kans. State Teachers Coll.) Instr., State 
Agric. Coll., Manhattan, Kans. 

Ruta E. Leonarp, M.S. (Chicago). Instr., Wes- 
leyan Coll., Macon, Ga. 

C. A. Messick, A.M.(Kansas). Asst. Instr., Univ. 
of Ia., Iowa City; Ia. 


M. E. Mouttiincs, A.B. (Texas). Instr., Univ. of 
Texas, Austin, Tex. 

J. E. Netson, A.B. (Texas). Dir., Univ. Jr. Coll., 
San Antonio, Tex. 

J. C. Nrxon, A.M. in Educ. (Florida). Instr., Pur- 
due Univ., W. LaFayette, Ind. 

Mary J. Quictey, A.B. (Radcliffe). Instr., 
Teachers Coll. of the City of Boston, Boston, 
Mass. 

G. Y. Raricu, Master of Pure Math. (Univ. of 
Kazan). Res. Scholar, Johns Hopkins Univ., 
Baltimore, Md. 

L. Runce, A.M. (Wisconsin). Asst. Prof., 
Univ. of Nebraska, Lincoln, Nebr. 

P. S. WacNnerR, A.M. (Johns Hopkins). Grad. 
Student, Johns Hopkins Univ., Baltimore, 
Md. 

M. E. Westcott, B.S. (Northwestern), 
Northwestern Univ., Evanston, 

Frances M. Wricut, A.M. (Brown). 
Univ. of Oklahoma, Norman, Okla. 


Instr., 


Instr., 


To Institutional Membership 
THE TULANE UNIVERSITY oF LovutsIANa, New Orleans, La. 


W. D. Catrns, Secretary-Treasurer. 


THE SECOND MEETING OF THE MICHIGAN SECTION 


The second annual meeting of the Michigan Section of the Mathematical 
Association of America was held at the University of Michigan, Ann Arbor, 
on April 2, 1925. The meeting was called to order at 9:30 A.m. with Chairman 
E. R. Sleight presiding. 

The attendance was sixty, including the following twenty-seven members of 
the Association: N. H. Anning, J. W. Baldwin, J. W. Bradshaw, S. E. Crowe, 
W. W. Denton, L. C. Emmons, J. P. Everett, Florence E. Field, S. E. Field, 
J. W. Glover, T. H. Hildebrandt, L. A. Hopkins, W. A. Jenkins, L. C. Kar- 
pinski, C. E. Love, Mrs. Selah W. Mullen, A. L. Nelson, H. L. Olson, W. H. 


